
Brief overview

A systematic error in terms of underestimated plate thickness from impact-
echo and combined impact-echo and surface wave measurements is studied
in Paper I. A new approach for estimation of Poisson’s ratio and a new
approach for Lamb wave phase velocity imaging with 2D arrays are proposed
in Paper II and Paper III, respectively. A theoretical study about ZGV
modes and inhomogeneous plates is studied in Paper IV.
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a b s t r a c t

Near field effects are found to create systematic errors, within the range of about 5–15%, in thickness
estimations from Impact-Echo (IE) testing. This paper studies near field effects from a point source in a
combined Multichannel Analysis of Surface Waves (MASW) and Impact-Echo analysis. The near field
creates deviations in the measured velocity of the P-wave and the Rayleigh-wave, which lead to an
underestimated thickness. This systematic error is identified in both a numerical and a real field case.
The results are also compared with the conventional Impact-Echo method.
& 2014 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND

license (http://creativecommons.org/licenses/by-nc-nd/3.0/).

1. Introduction

In civil engineering, efficient non-destructive quality control plays
an important role in the optimization of resources for manufacturing,
maintenance, and safety. For concrete construction, the thickness of
plate-like structures is a parameter of particular interest [1–3].
Several techniques have emerged for determining this thickness in
a non-destructive manner [4]. The Impact-Echo (IE) method is one
such technique which provides a straightforward estimation of the
thickness of a structure with only one accessible side.

Early studies using the IE method report thickness estimation
accuracies within 3% [5]. Although recent advances show promis-
ing results for implementing non-contact scanning measurements
[6], studies with more significant deviations exist [1,7,2]. In these
studies the thickness is underestimated in 18 of 19 locations with
a mean error of 8%. In many IE thickness testing applications,
e.g. nuclear reactor containment walls or load carrying structures
in bridges, a verification with a drilled core sample is often not
possible. Further studies, as this paper, which can clarify and
highlight difficulties and potential error sources, about IE thick-
ness testing are therefore valuable.

The conventional IE method uses two estimated parameters:
the thickness resonance frequency fr and the P-wave velocity VP

[8]. The thickness resonance is measured from the dynamic
response to a transient impact. The P-wave velocity is either
measured or assumed. The thickness h is subsequently determined

using the empirical relation:

f r ¼
βVP

2h
ð1Þ

where β is an empirical correction factor that is usually assigned
the value 0.96 for concrete. In fact, the exact value of fr corre-
sponds to the minimum frequency of the first symmetric Lamb
mode (S1) dispersion curve [9]. The group velocity is zero at this
specific point (S1-ZGV) [10]. The next thickness resonance is
related to the second anti-symmetric Lamb mode (A2), which is
also a zero-group velocity point (A2-ZGV).

To properly evaluate plate properties such as the thickness
parameter, Lamb wave theory must be used. Lamb wave theory
states that a laterally infinite isotropic plate is defined by three
independent parameters: the shear wave speed VS, Poisson's ratio
ν, and thickness h. Consequently, the accuracy of this type of non-
destructive evaluation of plates is solely dependent on these three
variables. As a result, traditional IE methods are usually comple-
mented with some sort of surface velocity measurement to most
accurately determine the thickness [11]. However, if exact values
of fr and VP are known, an exact value of the thickness can be
obtained using Eq. (1) only if a correct value of β is assumed. An
alternative method of increasing accuracy is to calibrate a velocity
that satisfies Eq. (1) using an exact thickness measurement from a
core sample. This approach is, however, not applicable in the case
of plates with one-sided access if non-destructive testing is
desired.

VP is usually estimated from the time taken by the first arriving
wave to travel between two points separated by a known distance.
One major source of uncertainty of the first arrival velocity is the
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identification of the correct first arrival time. This uncertainty is
due to the small displacement magnitude of the surface normal
component of the first arriving wave. A common procedure is to
identify the first value above a certain threshold, and to assume
that this wave corresponds to a pure P-wave. Another approach,
which may improve the identification, is to study the trend of the
measured signal [12]. The velocity of the P-wave may also vary
through the thickness due to a material gradient resulting from
the casting of a concrete slab, if larger aggregates concentrate near
the bottom of the slab [1]. Gibson showed a systematic difference
between the P-wave velocity measured along the surface and
through the thickness [4]. A gradient with an increasing P-wave
velocity with depth has been observed by [1,13–15]. Popovics et al.
proposed an additional correction factor to compensate for the
slower P-wave velocity along the surface [1].

An alternative approach that eliminates difficulties in identify-
ing the first arrival is to calculate VP from the Rayleigh wave
velocity VR, estimated by means of spectral analysis of surface
waves (SASW) [16]. This approach requires an assumed value of ν.
Poisson's ratio can, for example, be determined from the ratio
between the frequencies of S1-ZGV and A2-ZGV [10] or the ratio
between the S1-ZGV frequency and VR [17]. The latter approach
requires a known value of the thickness.

More recent approaches use a combination of a multichannel
recording and a multichannel IE analysis [18,19,7]. The specific
evaluation procedures differ slightly in their approaches. However,
the main concept is to introduce additional information from
surface wave analysis, for example, by estimating VR. Since at least
three parameters are accessible, it is possible to incorporate Lamb
wave theory. Then, all three plate parameters (VS, ν, h) can be
determined simultaneously. Compared with the traditional IE
method, these types of analyses are not affected by the uncertainty
of assuming a correct value of β.

A possible source contributing to the uncertainty in fr is the
presence of multiple peaks in the frequency response spectrum
[20]. The use of a time frequency analysis has been suggested to
enhance the identification of the correct S1-ZGV frequency [21,22].
The use of multichannel recordings is another approach to facil-
itate the identification of the correct S1-ZGV frequency. Summa-
tion of the traces in close vicinity to the point source can be used
to make the S1-ZGV frequency more pronounced [18]. A similar
approach uses a quantity described as a multicross spectral
density [23].

Although several improvements to the IE method have been
proposed, a remaining systematic error may result in an under-
estimated thickness [1,7,2]. This underestimation can occur if the
P-wave velocity is underestimated or if the S1-ZGV frequency is
overestimated (Eq. (1)). Of these two parameters, a velocity
representative of the complete through thickness seems to be
the most difficult parameter to measure. Most proposed methods
are based on a P-wave and/or Rayleigh wave velocity measure-
ment along the surface. A possible source of underestimated
velocities along the surface may be due to near field effects, which
in this case are due to the cylindrical spreading of waves from a
point source and the interference of different wave modes [24–28].
To the authors' knowledge, the near field effect has not been
previously studied in this context of combined IE and velocity
measurements.

This study adopts a combined Multichannel Analysis of Surface
Waves (MASW) and IE method. In conformance with the IE
method, this type of analysis also assumes that the P-wave
velocity can be obtained by studying the first arrival wave. The
combined MASW/IE method measures the P-wave velocity (VP),
the Rayleigh wave velocity (VR), and the S1-ZGV frequency
(f S1�ZGV ). These three parameters are used to estimate the plate
parameters VS, ν, and h. The systematic variations of the measured

parameters VP, VR, and f S1�ZGV due to near field effects are studied
for a plate without a velocity gradient with depth. These types of
variations, within a few thickness distances from the source, are
not specific for the studied MASW/IE method; in fact, they are
present in all evaluations related to surface wave analysis and/or IE
analysis. The results are therefore general for many cases. Finally,
the influence of the evaluated thickness is further explored with
both a synthetic and an experimental field case. The results from
the MASW/IE method are also compared with the results obtained
using the conventional IE method.

2. Lamb waves

Only two different wave types can exist in an isotropic infinite
body, the P-wave and the S-wave [29]. In a laterally infinite plate,
an additional boundary condition requires the stress traction to be
equal to zero at the surfaces. Thus, it is possible for guided waves
or Lamb waves to exist. Lamb waves are created from combina-
tions of P- and S-waves that satisfy the traction-free boundary
condition. An infinite number of combinations which satisfy this
boundary condition exist. They are, however, governed by the
same equation, the so-called Lamb wave equation:

tan ðβh=2Þ
tan ðαh=2Þ ¼ � 4αβk2

ðk2�β2Þ2

" #71

ð2Þ

where

α2 ¼ ω2

V2
P

�k2

β2 ¼ ω2

V2
S

�k2

The Lamb wave equation is based on an assumption of plane wave
propagation, and enforces that only certain combinations of wave
numbers k and frequencies ω are possible. This is the origin of the
dispersive nature of Lamb waves. No simple analytical solutions of
the equation exist, and instead, numerical methods must be used
[29]. The Lamb wave theory forms the basis for linear elastic wave
propagation in plates.

The dispersive nature of Lamb waves can be illustrated in many
ways. One possibility is to present dispersion curves in the
frequency–phase velocity domain. Fig. 1a shows a selection of
the dispersion curves (Lamb modes A0, S0, A1, and S1) for a plate
with ν¼0.2. The axes are normalized with the thickness h and the
shear wave speed VS. The curves are thus only dependent on ν. The
curves in Fig. 1a are valid for all plates with ν¼0.2.

The dispersion curves contain important information about the
plate characteristics. The Rayleigh wave velocity can, for example,
be determined by tracking the convergence of the phase velocity
for the A0 and the S0 modes. The S1-ZGV point, which is the point
of the minimum frequency of the S1-mode, is another quantity
which can be determined. As mentioned before in Section 1, this
point corresponds to the thickness resonance fr used in the
traditional IE method (Eq. (1)).

An expanded view of the S1-ZGV points for different values of ν
is shown in Fig. 1b. The variations of the locations for the S1-ZGV
points are only affected by ν. This implies that the value of fh=VS

for the S1-ZGV point is constant for a fixed value of ν, and serves as
the theoretical link between the empirical β factor used in the IE
method and an analytical expression as a function of ν [9,17]. The
constant value of fh=VS provides a direct way of determining the
plate thickness once VS, ν, and f S1�ZGV are known.

The constant value of fh=VS also reveals how the estimated
thickness is affected by uncertainties in the quantities VS, ν,
or f S1�ZGV (Fig. 1b). An overestimation of f S1�ZGV yields an

O. Baggens, N. Ryden / NDT&E International 69 (2015) 16–27 17



underestimated thickness, whereas an overestimation of VS yields
an overestimated thickness, assuming that the other two constants
are exact. Finally, an overestimation of ν results in an overesti-
mated thickness (Fig. 1b).

In practice, the plate parameters VS, ν, and h are in most cases
not directly accessible. Therefore, they must be determined
indirectly using other parameters. One possibility is to measure
VP, VR, and f S1�ZGV , for example, by means of a combined MASW/IE
method [18]. These three quantities provide the necessary infor-
mation to determine VS, ν, and h, and this approach was adopted in
this study. The accuracy of the thickness estimation, which is of
particular interest, is therefore dependent on the accuracy of the
indirect parameters VP, VR, and f S1�ZGV .

3. Numerical modeling

The presented theory in Section 2 assumes plane wave propa-
gation, which at several wavelength's distance is a good approx-
imation even for waves generated by a point source. As the radial
distance of the studied waves decreases, this assumption becomes
less valid, and near field effects are present. Furthermore, close to
the source several different wave modes (e.g. P-waves, S-waves,
Rayleigh waves) interfere with each other. A suitable approach for
studying these two factors (i.e. near field effects) and the transi-
tion to the far field is to use a numerical model. A synthetic model,
by means of Finite Elements (FE), was created in order to
investigate the accuracy of the VP, VR, and f S1�ZGV estimates
determined by a combined MASW/IE technique. The model was
created using commercial finite element software, Comsol Multi-
physics [30]. A 2D axial symmetric plate was defined using a linear
elastic material with Young's modulus of 36.1 MPa and a density of
2197 kg/m3. The model was calculated using Poisson's ratios of 0.1,
0.2, 0.3, and 0.4, thus, covering a wide range of possible materials.

The thickness was set to 0.261 m and the length of the plate
was 25 times longer than the thickness (Fig. 2). A short line load at
the top surface was applied to simulate a point source. The load
started at the symmetry axis and had a radius of 0.0025 m.

The plate was studied in the frequency domain, solving for the
complex steady state response. A triangular element mesh with
quadratic shape functions was used. A fine mesh with a minimum
element length of 0.0025 m was used around the source location.
In the rest of the model the element mesh was adjusted to have at
least 10 elements per wavelength of the A0 mode. The mesh was
thus adjusted for the solved frequencies using a coarse mesh for
the low frequencies and a finer mesh for the high frequencies [31].

A silent boundary was created by a gradually increasing
damping ratio in the absorbing region [32]. This region was added
as an extension to the plate (Fig. 2). The length of the absorbing
region was adjusted for the solved frequency with a length of
3 times the wavelength of the P-wave. The defined mesh and
absorbing parameters were determined by a parametric conver-
gence study of the theoretical Rayleigh wave velocity and S1-ZGV
frequency.

In order to simulate the Impact-Echo and surface wave test, three
synthetic force pulses were defined. The pulses were based on the
Gaussian mono-pulse with different frequency contents (Fig. 3). The
Gaussian mono-pulse was chosen to avoid energy at 0 Hz, as this
energy can be difficult to handle in frequency domain simulations of
a free plate. The pulses can be characterized as a low-frequency, mid-
frequency, and high-frequency pulse with regard to the S1-ZGV
frequencies (7–9 kHz) of the simulated plates.

The frequency domain responses along the upper surfaces of
the plates from the pulses were calculated using the result from

Fig. 1. (a) Lamb wave dispersion curves (A0, S0, A1, and S1 modes). (b) Expanded view around S1-ZGV points (S1 mode).

Fig. 2. FE-model sketch.
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the steady state analysis (Fig. 2). Subsequently, an inverse Fourier
transform was performed to generate the response for the pulses
in the time domain [32]. This concept was used to create synthetic
multichannel datasets (Fig. 4a). The datasets were transformed
into the phase velocity–frequency domain (Fig. 4b) [33]. It could
be seen that the theoretical Lamb wave curves correlated well
with the synthetic datasets. A detailed analysis of the difference
between the simulated and theoretical values will be studied in
the subsequent Results section.

4. Results

Estimates of the first arrival P-wave velocity (VP), the Rayleigh
wave velocity (VR), and the S1-ZGV frequency (f S1�ZGV ) have been
studied as a function of distance from the source in order to
quantify the influence of the near field. In all the presented result
plots the distance from the source has been expressed as radius
divided by thickness ðr=hÞ. This scale is used to emphasize that
results are roughly applicable to any plate thickness although an

Fig. 3. Force pulses: (a) time domain, (b) frequency domain.
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exact normalization in both time (frequency) and space (wave-
length) is not possible.

4.1. P-wave velocity

The variation of the first arrival P-wave velocity as a function of
distance was studied for plate models with different values of ν.
The models were studied in the time domain using the mid-
frequency pulse (see Fig. 3). Fig. 5a shows the surface normal
acceleration response to the mid-frequency pulse for the plate
with ν¼0.2. The surface normal acceleration response was subse-
quently used to determine the first arrival P-wave.

Signals were gained in order to enhance the picture of the wave
field and the first arrivals (Fig. 5b). In this type of commonly used
seismic plot, the first arrival velocity close to the impact source
appears to be close to the Rayleigh wave velocity. At a distance of
about 1/4 of the thickness, there is a jump to a faster first arrival
velocity which is closer to the P-wave velocity. The hidden first arrival
of the P-wave is a consequence of the huge difference in amplitude of
the Rayleigh wave and the P-wave (interference of modes).

First arrivals were picked for each trace at time points corre-
sponding to the first absolute values above a threshold limit
(Fig. 5b). The threshold limit was set at 10�4 of the maximum
absolute value of the amplitude in each individual trace. Conse-
quently, the threshold limit was reduced with an increasing radial
distance. Fig. 5b also shows the theoretical first arrival P-wave
velocity (VP) along with the slightly slower quasi-P-wave velocity
in plates (VP�2D), marked with dotted lines. VP�2D corresponds to
the low frequency asymptotic value of the S0 Lamb mode in plates
(Fig. 1a) and is the expected low frequency P-wave velocity in a
plate [29]. The theoretical first arrivals were adjusted to intersect
with the first arrival of the first trace.

The P-wave velocity was calculated by adjusting a slope to the
first arrivals using linear regression. This evaluation was repeated
while adding new traces to the array, and thus the length of the array
was gradually extended. In all evaluations, the first trace was located
at a fixed offset of 0.005 m from the impact center. This type of
evaluation corresponds to a typical combined MASW/IE analysis.

In order to simulate the procedure used in the IE standard, the
first arrival P-wave velocity was also calculated using two traces
only. The first trace was selected at an offset of 0.005 from the
impact center, and the second trace was selected at a distance of
0.3 from the first trace. The time difference of the first arrivals and
the known distance of 0.3 m between the traces were used to yield
the first arrival P-wave velocity. This calculation was repeated for
different offset locations of the two traces, while maintaining a
fixed internal distance between the traces of 0.3 m. This type of
evaluation corresponds to the conventional Impact-Echo proce-
dure when the first transducer is located at an offset of 0.15 m
from the impact center [11].

The results from the MASW/IE and the IE type of analysis of the
first arrivals are shown in Fig. 6a and b, respectively. The extracted
velocities have been normalized with the theoretical P-wave
velocity for each Poisson's ratio. In both types of analysis the
initial normalized first arrival velocity close to the impact source is
lower than the theoretical values. At a greater distance from the
source, the normalized first arrival velocity gradually approaches
the theoretical value. It can also be noticed that the sign of
acceleration response (i.e., the direction) of the first arrivals is
not constant and causes a discontinuity in the curve located at an
offset of about 1/4 thickness. This shift of sign explains the
momentarily high velocities of the IE type of analysis (Fig. 6b).

For Poisson's ratios 0.1 and 0.4, there are also other phase shifts
at greater distances from the source. These phase shifts are caused
by Lamb wave dispersion and generate extreme velocities in the
IE analysis. Therefore, the first arrival P-wave velocity was only
tracked until such an event occurred (Fig. 6b). The MASW/IE type
of analysis is not affected in the same way, and it presents a more
stable trend since it is based on an evaluation using multiple
traces. It is also observed that the results for both evaluation
methods are dependent on ν.

The above studied methods for determining the first arrival
P-wave velocity are time domain evaluations, as are normally
performed in practice. This type of analysis does not account for
the dispersion which is typical for Lamb waves (Fig. 4b). Therefore,
the dependency of frequency needed to be explored further.
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The plate model with ν¼0.2 was chosen for a study using different
pulses. The variation of the first arrival P-wave velocity as a function
of distance was studied for the low, mid-, and high-frequency pulses.
The surface normal acceleration responses of the low- and high-
frequency pulses are shown in Fig. 7a and b, respectively.

It can be seen that the response of the low-frequency pulse
(Fig. 7a) creates a larger zone with a slower first arrival velocity
compared to that of the high-frequency pulse (Fig. 7b). This is
consistent with the condition that a low-frequency pulse gener-
ates a response with a longer wavelength. The same type of

evaluations for the first arrival P-wave velocity based on the
MASW/IE and IE methods was performed for the different pulses.
The results are shown in Fig. 8a and b. It can be noticed that
variations in the estimated first arrival P-wave velocities are also
dependent on the frequency content of the exciting pulses.

4.2. Rayleigh wave velocity, S1-ZGV frequency

The variation in VR was studied for the plates with different
values of ν. The mid-frequency pulse was used to create the
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datasets. VR was estimated by tracking the convergence of the A0
and S0 modes of the datasets in the frequency–phase velocity
domain. This evaluation was made for different array lengths. The
array was extended by adding new traces as with the study of the
first arrival P-wave velocity. The extracted velocity is shown in
Fig. 9a. It can be observed that VR is underestimated close to the
source, i.e. when the array in the combined MASW/IE method is
short. Thereafter, the estimated velocity gradually increases and
converges with the theoretical velocity when the array lengthens.

The estimated velocity is dependent on ν. However, the main
behavior is generally the same for all values of ν. The observed
phenomena are in agreement with the results obtained by [26,28]
for VR in a half space. Roesset [26] showed analytically how the
phase velocity for the response at the surface increases with the
distance from the source in the case of a homogeneous half-space.
This slower phase velocity close to the source is related to the
variation in the interference between the bulk wave modes. For
the studied case shown in Fig. 9a, the near-field effect is likely to

Fig. 8. First arrival velocity: (a) MASW/IE, (b) IE.

Fig. 9. (a) Rayleigh-wave velocity. (b) S1-ZGV frequency.
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be even more complicated, since the geometry is a plate instead of
a half-space. Furthermore, the use of an array as well as the
frequency content of the impulse may also add additional com-
plexity to the problem. Therefore, the result shown in Fig. 9a
should not be interpreted exactly quantitatively but rather as a
general trend partly explaining the observed underestimated
thickness.

The S1-ZGV frequency was estimated using an offset summa-
tion technique [18]. This technique was used in the combined
MASW/IE analysis to enhance the S1-ZGV resonance frequency
peak [7]. The evaluation was made for different array lengths in
the same manner as with the evaluation of VR. The results from the
S1-ZGV frequency estimations are shown in Fig. 9b. These estima-
tions do not provide a completely constant value; instead, they
oscillate slightly. These minor variations were assumed to be
associated with uncertainties inherited from the nature of numer-
ical modelling and evaluations. However, in comparison with the
estimations of VP and VR, the estimations of f S1�ZGV can be
considered as accurate.

4.3. Thickness

The above demonstrated variations in the estimations of VP and
VR indicate that a systematic error is present using the MASW/IE or
the IE method. Thus, a systematic error is also present if the
thickness is calculated from the estimations of VP and VR.

An estimate of the thickness as a function of distance was
therefore calculated by combining the results in Figs. 6 and 9 from
the mid-frequency source (fc¼10 kHz). These calculations were
made using both the MASW/IE and IE techniques. In the MASW/IE
analysis, ν was calculated from ratio of the first arrival P-wave
velocity and the Rayleigh wave velocity. In this evaluation the first
arrival P-wave velocity was assumed to correspond to the theore-
tical velocity of VP. Thereafter, the thickness was calculated from
the constant value of the quantity fh=VS, as described in Section 2.
The IE analysis used values of the first arrival P-wave velocity from
Fig. 6b and a fixed value of the S1-ZGV frequency. This fixed value

was extracted from the frequency spectrum of one single trace at a
distance of 0.05 m from the source. The thickness was subse-
quently estimated using Eq. (1) with β¼0.96 to mimic a real case
evaluation where ν in general is not known beforehand. The
estimated thicknesses by the MASW/IE and the IE method are
shown in Fig. 10a and b, respectively.

For the MASW/IE analysis, ν was generally underestimated due
to the underestimated ratio between the first arrival P-wave
velocity and the Rayleigh wave velocity. Therefore, in the case of
the model with a ν¼0.1, it was not possible to estimate the
thickness since the Lamb wave equation only was solved for
values of ν from 0.10 to 0.45 (with increments of 0.01). This fixed
increment of 0.01 explains the discontinuities in the curves in
Fig. 10a. It can be observed that the MASW/IE type of method
underestimates the thickness (Fig. 10a). As the estimates of VP and
VR become more accurate, the estimated thickness subsequently
becomes more accurate. Similar results were obtained from
datasets with source frequencies fc¼5 kHz and fc¼15 kHz,
although they are not plotted here. It should also be noticed that
the alternative interpretation of the first arrival P-wave velocity as
VP�2D does not improve the results.

The estimated thickness from the IE method shows a more
fluctuating result with a higher relative error compared to the
MASW/IE analysis (Fig. 10b). The variation in the thickness
(Fig. 10b) follows the variation of the estimated value of VP

(Fig. 6b), since the values for β and fr were given a constant value
when Eq. (1) was evaluated. It can be observed that the IE method
for the case of this quite unrealistic value of ν¼0.4 overestimates
the thickness. This is due to the fixed value of β¼0.96. A more
suitable value would have been around 0.80 [9,17]. However, with
real case data, the value of ν typically is not known beforehand.
The analysis was therefore made with a fixed value of 0.96 for the
β factor.

In the standard IE velocity measurement of the first arrival
P-wave the estimated thickness is actually quite close to the true
value (within 4%) after r=h42. With this set-up the problematic
near field effect for a homogeneous plate is effectively minimized.

Fig. 10. Estimated thickness: (a) MASW/IE, (b) IE.
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For the studied plate and source frequency this result is valid for
all Poisson's ratios, except the quite unrealistic value of ν¼0.4 for
concrete.

5. Field case

The systematic error presented in Fig. 10 was further explored
by studying a real field case. The aim of this field study was to
investigate to which extent the near field effects could be observed
in a real practical case. Field data was obtained from a Portland
concrete cement plate cast on a granular base at The Advanced
Transportation Research and Engineering Laboratory (ATREL),
University of Illinois at Urbana-Champaign (UIUC). This plate is
at the same location as location 5 in [7]. In this point the thickness
was underestimated with all tested seismic techniques (4–13%).

Time-synchronized multichannel data were obtained using one
accelerometer and a hammer with a trigger connected to a DAQ
computer [34]. The accelerometer measured the surface normal
component of the acceleration response. Data were collected over a
distance of 1 m with an interval distance of 0.02 m between each
hammer impact. The data could therefore be used for a MASW/IE
and an IE analysis using the same evaluation techniques previously
described. A core sample was also extracted from the center of the
1 m long MASW/IE array. The thickness was measured to 0.337 m [7].

A plot of the data in time domain and frequency–phase velocity
domain can be seen in Fig. 11a and b, respectively. The locations of
the first arrivals are marked with black dots in Fig. 11a. The first
arrivals were identified at time points corresponding to the first
absolute value exceeding a threshold limit. This threshold limit
was set at 2:5� 10�3 of the maximum absolute value in each
individual trace. As in the synthetic case, the threshold limit was
reduced with an increasing radial distance.

The indirect plate parameters VP, VR, and f S1�ZGV were esti-
mated in the same way as with the synthetic dataset. Estimations
of the parameters were repeated using a different number of
signals from the dataset, i.e., for different lengths of the measuring

array. Thus, it was possible to create plots, similar to those
previously presented, for the variation of the parameters with
respect to the array length.

5.1. P-wave and Rayleigh wave velocity, S1-ZGV frequency

The variation of the first arrival P-wave velocity for the MASW/
IE analysis can be seen in Fig. 12a. Fig. 12b shows the variation of
the first arrival P-wave velocity using the IE type of measurement.

It can be observed that the first arrival P-wave velocity
increases with the array length or the location of the sensors. This
is the same general trend as with the synthetic case. The observed
low resolution in Fig. 12b is a consequence of the low sample rate
in the field data (dt¼ 5 μs) compared to the synthetic data case
(dt¼ 0:1 μs). Ideally, a higher sample rate with lower value than
dt¼ 5 μs should therefore be used.

It should be noted that a refracted P-wave can cause a similarly
increasing velocity with distance due to an increasing stiffness
within the concrete layer. In the analyzed test location, a velocity
gradient (VP¼4450 m/s, 4765 m/s, 4828 m/s, from top to bottom)
was actually observed by ultrasonic pulse velocity measurements
of different sections of the extracted core sample. Assuming a top
lower velocity layer with a thickness 0.05 m, a two-layer refraction
model analysis can be made. From this, it is possible to estimate
the radial distance for an appearance of a refracted P-wave [35]. It
was found that a higher velocity from refraction could be pre-
dicted at a distance starting from about 1.5 thicknesses. Thus, it
can be concluded that the material gradient cannot be the only
explanation of the slower velocity close to the source in Fig. 12.
Therefore, the consequence of the gradient in this case may act as
an additional contribution to an increasing velocity with distance.

The estimations of the Rayleigh wave velocity and the S1-ZGV
frequency are shown in Fig. 13a and b, respectively.

It can be seen in Fig. 13a that the Rayleigh wave velocity takes a
lower value close to the source. Regarding the S1-ZGV frequency in
Fig. 13b, a minor variation of the frequency is found. It was
assumed that the S1-ZGV frequency also in this case could be

Fig. 11. Field data: (a) time domain, (b) phase velocity–frequency domain.
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estimated with good accuracy. These observations for the Rayleigh
wave velocity and S1-ZGV frequency are in agreement with the
results obtained from the synthetic case.

Although the variations of the estimated parameters in Figs. 12
and 13 are not identical to the results from the synthetic dataset, it
is possible to identify a common general behavior. It can also be
observed that the estimated first arrival P-wave velocity shows the
largest relative variation of the estimated quantities. The Rayleigh
wave velocity shows the second largest relative variation, whereas
the estimation of the S1-ZGV frequency only shows a minor
relative variation. This result of the relative variation in the

estimated parameters is in agreement with the result from the
synthetic case.

5.2. Thickness

The estimations of VP, VR, and f S1�ZGV were then subsequently
used to calculate the variation in the corresponding estimated
thickness. This calculation was made for the MASW/IE and IE types
of methods, and followed the same procedure as for the synthetic
case. The variation of the estimated thickness for the MASW/IE
and IE types of methods can be seen in Fig. 14a and b, respectively.

Fig. 12. First arrival velocity: (a) MASW/IE, (b) IE.
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Fig. 14a shows that the MASW/IE analysis underestimates
the thickness, especially when the array length is short. For the
IE method in Fig. 14b, the thickness is underestimated in most
cases. The IE method also shows a more fluctuating result due to
the variation of VP. It should be noted that part of this fluctuation
originates from the relatively low sample rate. The general trend in
Fig. 14 agrees qualitatively with the synthetic data presented in
Fig. 10 within a distance of 3 thicknesses. It should be noted that
longer array lengths are often unsuitable in practice and not
desired since local plate properties are then smeared out. The
observed larger underestimation in the field case, compared with
the synthetic case, could be caused by the velocity gradient within
the layer [1].

6. Conclusions

Numerical results show that near field effects can cause a
systematic error in the estimation of thickness using a MASW/IE or
a conventional IE method. The major source of error in the
thickness estimations is related to the interpretation of the first
arrival as a pure P-wave velocity. Detailed numerical analyses close
to the point source reveal strong interference between the P-wave
and the Rayleigh wave in the near field. This results in a zone
where the first arrival velocity cannot be directly linked to the
theoretical P-wave velocity. Furthermore, the size of this zone
close to the point source is dependent on the plate properties and
the source frequency content. This near field effect leads to an
underestimated P-wave velocity from the picked first arrivals.
These results further verify the inherently difficult and question-
able task of estimating the P-wave velocity from first arrivals of
dispersive Lamb waves.

The Rayleigh wave is also affected by the near field effect. Close
to the point source, a lower value than the theoretical Rayleigh
wave velocity is observed.

The S1-ZGV frequency is in general estimated with good
accuracy.

The combined errors due to the near field effects create a
systematic error which underestimates the thickness. This predicted

systematic error of the estimated thickness from the MASW/IE and IE
methods is found to be about 5–15% depending on Poisson's ratio,
measurement set-up and source pulse. These findings are important
for future improvements of non-destructive methods, such as the
MASW/IE and IE methods.
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Abstract: Poisson’s ratio of an isotropic and free elastic plate is esti-
mated from the polarization of the first symmetric acoustic zero-group
velocity Lamb mode. This polarization is interpreted as the ratio of the
absolute amplitudes of the surface normal and surface in-plane compo-
nents of the acoustic mode. Results from the evaluation of simulated
datasets indicate that the presented relation, which links the polariza-
tion and Poisson’s ratio, can be extended to incorporate plates with ma-
terial damping. Furthermore, the proposed application of the
polarization is demonstrated in a practical field case, where an increased
accuracy of estimated nominal thickness is obtained.
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1. Introduction

The fascinating properties of acoustic zero-group velocity (ZGV) Lamb modes1,2 have
been demonstrated to be useful in several applications, such as measurements of acoustic
bulk wave velocities and Poisson’s ratio,3 thin-layer thickness,4 hollow cylinders,5 interfa-
cial bond stiffness,6 and possibly air-coupled measurements.7 In this study, we present a
novel application of the amplitude ratio of the surface normal and the surface in-plane
components, and demonstrate how it can be used to estimate Poisson’s ratio. This inves-
tigation was carried out from the perspective of non-destructive testing of concrete struc-
tures under one-sided access test conditions, but our observations are also valid for any
material and structure for which Lamb wave theory is a representative assumption.

The evaluation of the dynamic response to a transient impact is a common
technique for estimation of the thickness and/or mechanical properties of plate-like con-
crete structures. This type of acoustic measurement technique, often referred to as an
impact-echo measurement,8 employs the ZGV resonance frequency of the first symmetric
(S1) Lamb mode.9 To determine the thickness and/or mechanical properties, the fre-
quency of the S1-ZGV mode must be complemented with two additional parameters,
e.g., transverse wave speed and Poisson’s ratio.10 Combined impact-echo and surface
wave measurements,11 where Poisson’s ratio typically is determined from the longitudi-
nal wave and the Rayleigh wave velocity,12 can be used to obtain these two additional
parameters. However, systematic errors from near-field effects and velocity variation
through the thickness can lead to an uncertain estimation of Poisson’s ratio.11

Alternative approaches that do not depend on an estimation of the longitudi-
nal wave velocity are therefore important for accurate estimation of Poisson’s ratio.
One alternative strategy is to use the ratio between the S1-ZGV frequency and the
minimum frequency of the second anti-symmetric Lamb mode.3 This approach has
been demonstrated successfully for several thin homogenous metal plates,3 but only a
few measurements have been reported for concrete plates.13

To date, there is a lack of techniques that are independent of longitudinal
wave velocity and that can accurately determine Poisson’s ratio for concrete plates
with only one accessible side. An interesting alternative is based on the polarization of
Rayleigh waves.14 Inspired by this idea of using polarization to estimate Poisson’s ra-
tio, here we propose and explore a new approach for estimating Poisson’s ratio based
on the polarization and shape of the S1-ZGV Lamb mode. An advantage of this new
approach is that a through-thickness representative estimation of Poisson’s ratio is
obtained, since the S1-ZGV mode exists through the entire thickness of the plate.

This study is divided into three parts. We first present the theoretical foundation
for this approach. We then verify the presented approach using a set of numerical simu-
lations. Finally, we demonstrate the utility of this approach in a realistic field case.

a)Author to whom correspondence should be addressed.
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2. Amplitude polarization of Lamb mode

According to Lamb wave theory, which defines linear elastic wave propagation along
isotropic infinite plates, the possible combinations of angular frequencies x and lateral
wave numbers k that can exist in a free plate with a height h is defined by10

tan bh=2ð Þ
tan ah=2ð Þ ¼ �

4abk2

k2 � b2
� �2

" #61

; (1)

where

a2 ¼ x2=V2
L � k2;

b2 ¼ x2=V2
T � k2:

VL and VT are the longitudinal and transversal wave velocities, respectively. The positive
sign of the exponent on the right side of Eq. (1) defines symmetric modes, whereas the
negative sign defines anti-symmetric modes. The wave number k can be used to deter-
mine the displacement field of the plate. The amplitude for the displacement at the free
surface for the surface in-plane U and surface normal W directions are given by10

U ¼ ck
1

tanh qh=2ð Þ �
2qs

k2 þ s2

1
tanh sh=2ð Þ

� �
; (2)

W ¼ �cq 1� 2k2

k2 þ s2

� �
; (3)

where c is an arbitrary multiplicative constant. The parameters q and s are calculated
according to

q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � k2

L

q
; s ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � k2

T

q
;

where kL and kT are the longitudinal and transversal wave number, respectively.
Equation (1) was used to find the frequencies x and wave numbers k of the

S1-ZGV points corresponding to each value of Poisson’s ratio � in the range 0.1 to
0.4, with increments of 0.01. Variations in jUj and jWj as a function of � are shown in
Fig. 1(a). The arbitrary constant c, in this case the scaling of the curves, is selected to
yield an amplitude of 1 for jWj at � ¼ 0.1. Figure 1(b) displays the variation of the
absolute ratio jW/Uj as a function of �. This dimensionless quantity, which can be
interpreted as the polarization of the S1-ZGV Lamb mode, is only dependent on �,
thus providing an opportunity to estimate � if the polarization is measured. This rela-
tion is critical to the proposed approach.

3. Numerical modeling

The relation in Fig. 1(b) is calculated without including material damping. However,
in many practical applications such as measurements of concrete structures, material
damping is present; from a theoretical point of view, true ZGV Lamb modes are in
these cases strictly not defined.15 For this reason, practical measurements were simu-
lated to investigate whether the polarization relation in Fig. 1(b) can be used to esti-
mate � even though material damping is present. For simplicity, we hereafter use the
S1-ZGV abbreviation to refer to the first thickness resonance of the plate, although, as
mentioned previously, no true ZGV modes are strictly defined for absorbing plates.

An axially symmetric finite-element model was created with unit values for the
thickness h ¼ 1 m, Young’s modulus E ¼ 1 Pa, and density q ¼ 1 kg/m3. Note that
the analysis results of the simulations are independent of the exact values of h, E, q.
Poisson’s ratio was varied from 0.1 to 0.4, with increments of 0.01, and the loss factor

Fig. 1. (a) Absolute values of amplitudes components of S1-ZGV mode. (b) Polarization of S1-ZGV mode.
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g was varied from 0 to 0.05, with increments of 0.01. A short line load starting at the
axial symmetric axis and with a length of 0.02h was applied at the top surface to simu-
late an applied point load. Since the S1-ZGV frequency is dependent on �, the center
frequency of the load (Gaussian mono pulse) was set equal to the theoretical S1-ZGV
frequency for the corresponding plate without material damping. The model was
solved in the frequency domain using a frequency-dependent mesh and absorbing
region.16 The time domain response was obtained from the inverse discrete Fourier
transform of the frequency domain response.

Synthetic datasets were created for all combinations of varying � and g.
Figure 2(a) contains the dataset for � ¼ 0.1 and g ¼ 0.01. In this plot, the normalized
time history (y axis) of the surface in-plane acceleration response is shown for various
normalized radial offset locations r/h (x axis) at the top accessible surface. Each data-
set consisted of ten signals per length h within a radial distance of 4h from the axial
symmetry axis. Similar to field measurements employing an impact point source, the
broad frequency spectrum of the Gaussian mono pulse excites several Lamb modes.
To reduce the influence from direct surface waves and enhance low group velocity
modes (e.g., S1-ZGV), all signals were individually multiplied with a Tukey window.
Figure 2(b) shows the amplitude of the window as function of time. The raw signals
along with the windowed signals are shown in Fig. 2(a).

The mode shape at the S1-ZGV frequency was extracted using a temporal dis-
crete Fourier transform of the windowed dataset. Figure 2(c) shows the absolute am-
plitude of the extracted mode at the S1-ZGV frequency for the surface in-plane and
surface normal components as a function of the normalized radial distance r/h for the
dataset with � ¼ 0.1 and g ¼ 0.01. Since the surface in-plane and surface normal com-
ponents are not in phase, the polarization cannot be determined from two point-wise
amplitudes at a fixed radial offset from Fig. 2(c) in a straightforward fashion. Instead,
the spatial periodicity and amplitude for the total mode is used for simplicity and
robustness. For straight crested Lamb waves, the spatial periodicity is defined by the
exponential function. However, in this case, Hankel functions are used to account for
cylindrical spreading from a point source.17 Accordingly, the analytical expressions for
the absolute amplitude of the S1-ZGV mode shape as function of amplitudes U, W,
wave number k, and radial distance r take the form

AðU ; k; rÞ ¼ j<ðjU jHð1Þ1 ðkrÞei argðkÞÞj; (4)

BðW ; k; rÞ ¼ j<ðjW jHð1Þ0 ðkrÞÞj; (5)

where A and B represent the surface in-plane and surface normal components, respec-
tively. Hð1Þ1 and Hð1Þ0 are the first and zeroth-order Hankel functions of the first kind,
respectively. We allow k to be complex-valued to account for material damping. The

Fig. 2. (Color online) (a) Simulated multichannel dataset (surface in-plane component, � ¼ 0.1, g ¼ 0.01). (b)
Tukey-window amplitude. (c) Absolute amplitude of extracted S1-ZGV mode (markers) and best solution
(lines). (d) Estimated polarization (markers) and theoretical relation for lossless plates (solid line).
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exponential term ei arg(k) in Eq. (4) is introduced to maintain zero displacement at the
axial symmetry axis (r ¼ 0) when k is complex.

The absolute amplitudes jUj, jWj and wave number k for the S1-ZGV mode
of the simulated plate were estimated by searching for the best match between the
analytic expressions in Eqs. (4) and (5) and the extracted mode shape [markers in
Fig. 2(c)]. This search was carried out by minimizing the objective function

f U ;W ; k; rð Þ ¼
XN

i¼1

ai � Aið Þ2

jU j þ bi � Bið Þ2

jW j

 !
; (6)

where ai and bi are the absolute amplitudes of the surface in-plane and surface nor-
mal components of the extracted mode, respectively [markers in Fig. 2(c)]. The index
i ¼ 1, 2, …, N labels the simulated signals, where i ¼ 1 represents the signal nearest
the impact point. Ai and Bi represents the functions from Eqs. (4) and (5) calculated
at the radial offset r ¼ ri, i.e., Ai ¼ A(U, k, r ¼ ri) and Bi ¼ B(W, k, r ¼ ri). The
function f was minimized by means of unconstrained nonlinear optimization using
the fmin-search function available in MATLAB. Good agreement was obtained between
the best solution to the minimization problem and the extracted mode [Fig. 2(c)].
The polarization was determined using jWj and jUj from this solution. This analysis,
which enables the estimation of polarization, was repeated for each dataset (i.e., the
simulated response to an impact pulse for the plate with varying combinations of �
and g). Figure 2(d) contains the estimated values of polarization for all datasets as
well as the analytical relation [from Fig. 1(b)] calculated for lossless material. Good
agreement exists between the analytical expression for the polarization and the simu-
lated results. Note that the results from simulations that included material damping
also match the analytical expression. Hence, the proposed approach is likely applica-
ble to plates with material damping.

4. Field case

The proposed approach was tested on a concrete wall with a nominal thickness of
0.450 m. A three-component accelerometer attached to a fixed position on the wall
was used to measure the response from hammer strokes performed at increasing offsets
from the accelerometer. The input force from each stroke was also recorded. By using
the reciprocity theorem for a linear elastic system, a multichannel dataset was
obtained.11 This dataset is of the same type as the simulated datasets in Sec. 3 and was
processed in a similar way: a Tukey window was applied in the time domain, and then
the absolute amplitude of the transfer function between the source and the receiver at
the S1-ZGV frequency was extracted [Fig. 3(a)]. The objective function f from Eq. (6)
was minimized using the same technique as in Sec. 3. Figure 3(a) illustrates the
matched functions A and B.

Fig. 3. (Color online) (a) Absolute amplitude of extracted S1-ZGV mode (markers) and best solution (lines). (b)
Frequency-phase velocity spectrum, and estimated Rayleigh wave velocity (dashed line). (c) Frequency spec-
trum of (windowed) surface normal component signal nearest impact point (solid line), and estimated S1-ZGV
frequency (dashed line).
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The polarization jW/Uj was estimated as 1.09, yielding � ¼ 0.24.
Unfortunately, no exact value of � is accessible for comparison. However, the estima-
tion of � can be verified indirectly to a certain extent from the nominal thickness of
the wall h ¼ 0.450 m. Estimation of the Rayleigh wave velocity (2430 m/s) from the
raw signals displayed in frequency-phase velocity domain [Fig. 3(b)], the S1-ZGV fre-
quency (4810 Hz) from the frequency spectrum of the windowed signal nearest the
impact point [Fig. 3(c)], and Poisson’s ratio (0.24) theoretically corresponds to a thick-
ness of 0.447 m, which is within 1% error of the nominal thickness. The traditional
approach11 using the longitudinal wave velocity (4295 m/s) and Rayleigh wave velocity
(2430 m/s), i.e., � ¼ 0.18, theoretically corresponds to a thickness of 0.425, which is
within 6% error of the nominal thickness. Thus, in this field case, our proposed
approach provides a reasonable estimate of � and an increased accuracy of the esti-
mated nominal thickness, compared with the traditional approach.

5. Conclusions

Here we have presented a new approach to estimating Poisson’s ratio from the ampli-
tude polarization of the S1-ZGV Lamb mode. Numerical simulations demonstrated
that this approach is also applicable to plates with material damping. A field-case
example illustrated a benefit of this approach: a through-thickness representative value
for Poisson’s ratio is obtained via this strategy, thereby improving the overall estima-
tion of plate parameters under one-sided access test conditions.
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Abstract 
In the nondestructive evaluation of concrete structures, ultrasonic techniques are considered to be 

more capable than low-frequency techniques such as the impact-echo method. This is especially true 

with the recent development of ultrasonic transducers, synthetic apertures, and results in an image 

form, and because low-frequency techniques are usually limited in their evaluation to the frequency 

of one single resonant mode. With the aim of reducing this gap in capabilities, we present a 2D array 

and wide-frequency bandwidth technique for Lamb wave phase velocity imaging. The presentation 

involves a measurement on a newly cast concrete plate using a hammer and an accelerometer as an 

example. The key concept of the technique is the use of 2D arrays that record a full wave field 

response over a limited surface subdomain within the complete measurement domain. Through a 

discrete Fourier transform, a spectral estimate is obtained for the 2D array in the frequency-phase 

velocity domain. The variation of the phase velocity is then mapped using a stepwise movement of 

the 2D array within the complete measurement domain. With two different types of 2D arrays, the 

variation of the phase velocity for the A0 Lamb mode is mapped and displayed in a polar and image 

plot, and low variation is observed for both cases. This result verifies the expected condition of a 

homogenous material and plate thickness and, more importantly, highlights the potential of wide-

frequency bandwidth techniques based on full wave field data.  

Keywords: Lamb waves; imaging; 2D arrays; concrete; impact-echo; full wave field data 

1. Introduction 

Nondestructive evaluation (NDE) techniques used on concrete structures can facilitate structural 

inspections, improve quality control, and support the sustainable use of resources [1]. 

Measurements based on vibrations and acoustic waves are frequently used to assess the mechanical 

properties in these structures. Such measurements are typically categorized based on their operating 

frequency, with ultrasonic methods as a major group. As a complement to the predominant use of 

ultrasonic reflection imaging approaches, we present a Lamb wave phase velocity imaging technique 

based on a full wave field response. Compared to ultrasonic approaches, this technique operates in a 

lower frequency regime and with a wider frequency content. 
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Ultrasonic testing allows the interior of a concrete construction element to be examined and 

visualized in the form of an reflection image [2, 3]. In this process, internal objects and anomalies 

such as defects appear as points or regions with deviating color. Techniques such as synthetic 

aperture focusing have made ultrasonic testing an effective, widely used, and powerful NDE 

approach for concrete structures. Recent progress has been made with this type of testing. One 

example is the development of wireless apertures that enable flexible data acquisition over larger 

areas compared to handheld devices [4]. However, for structures with heavy reinforcement or coarse 

aggregates, scattering and attenuation are challenges that may hinder the evaluation and reduce the 

ability to create a reflection image [3–6]. Since scattering and attenuation are related to the 

wavelength and number of cycles along the path of the ultrasonic pulse, this may particularly be a 

problem for high frequencies or thick structures [5]. 

To reduce the influence from scattering and attenuation, an alternative approach is to operate at a 

lower frequency regime, which leads to the usage of a longer spatial wavelength. This can, for 

instance, be achieved using a mechanical impactor as an input pulse source instead of an ultrasonic 

transducer. Based on this concept, the impact-echo (IE) method is a common and established 

technique for testing concrete structures [7]. In this method, an impact is applied to the surface 

using, for example, a hammer or a steel ball to generate a transient pulse with broadband frequency 

content. Ideally, the structural response to this transient excitation is dominated by a reverberating 

mode with a distinct frequency dependent on the material properties and geometry; i.e., the 

procedure corresponds to a general resonance test. Faults and anomalies can be detected by 

analyzing and monitoring the relative variation of the response along the surface. This procedure can 

be further extended with automatic data acquisition [8] and air-coupled sensors [9, 10] to generate a 

frequency image showing the relative variation of the response over a surface [8, 9]. 

There has been an improved understanding of the mechanism in IE testing over time.  Whereas early 

studies interpreted the resonance mode as a discrete pulse with multiple reflections between the 

structural interfaces [7], more recent studies link the reverberating mode to the general theory of 

Lamb waves [11]. By showing that the resonance mode in IE testing corresponds to the first 

symmetric zero-group velocity (S1-ZGV) Lamb mode [11, 12], an important relationship to Lamb 

waves can be established. With this relationship determined at the outset and using the theoretical 

basis of Lamb wave theory, ongoing developments have advanced techniques that combine 

evaluation of the S1-ZGV Lamb mode frequency with propagating surface waves [13–17]. Such 

techniques, which use both propagating and nonpropagating modes with an analysis based on Lamb 

wave theory, enable a direct quantitative estimation of plate thickness and material velocity in 

absolute values; this differs from the original IE method that requires either a calibration sample or 

correction factor to provide the corresponding result [17]. In addition to quantitative estimations, 

the Lamb wave interpretation also facilitates the improved detectability and accuracy of the S1-ZGV 

frequency [18, 19] and enables an evaluation of Poisson’s ratio [20] from the characteristics of the 

S1-ZGV Lamb mode shape. 

Clearly, the results in the literature demonstrate the potential for using Lamb waves in the 

nondestructive evaluation of plate-like concrete structures. At present, these techniques are still 

mainly based on an evaluation at multiple discrete points [7, 8] or, in some cases, along line arrays 

with equidistant impact (signal) spacing [15]. Naturally, there is no prerequisite or limitation that only 

these two types of geometrical domains (point and line) can be used; other layouts have been 

observed in related applications such as geophysical investigations with surface waves [21] and Lamb 

wave testing of aluminum plates [22]. Thus, to improve the verification of the spatial distribution of 

results in the testing of plate-like concrete structures, a prospective methodology is to perform a 
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Lamb wave analysis with a two-dimensional (2D) surface considered in both the data collection and 

the data evaluation. To the authors’ best knowledge, no examples of such an analysis with Lamb 

waves in the testing of plate-like concrete structures have been reported in the literature. This 

highlights the need for further investigations and serves as the motivation for the present study.  

In this study, we demonstrate and describe a new technique for Lamb wave phase velocity imaging 

analysis of plate-like concrete structures. The technique is based on a full wave field dataset 

collected over a surface using an impact hammer and an accelerometer. In contrast to previous 

studies of concrete plates, which measured stationary modes at multiple discrete points over a 

surface, the novel aspect of this technique is that it evaluates propagating waves in multiple 2D 

subdomains (2D arrays). Flexibility in terms of operating frequency is obtained since the impact 

source creates a response with wide-frequency bandwidth. As a result, further developments of the 

presented technique have potential for the evaluation of large structures in which scattering and 

attenuation may present issues when using ultrasonic approaches. 

The paper is organized as follows. In Section 2, we present a practical measurement as an illustrating 

example for the presented technique. Data processing and implementation of the technique are 

presented and explained in Section 3. First, data from a line array are processed in a conventional 

analysis of surface waves; this analysis is based on a 2D Fourier transform for which a discrete 

implementation is explained. Then, a transformation technique that converts data to a radial-offset 

domain is presented. The transformation allows the analysis of the data from the 2D arrays; as 

example, we analyze the phase velocity for the A0 Lamb mode and present the results in a polar and 

image plot. Finally, concluding remarks are provided in Section 4. 

2. Method and measurement 
We perform a measurement on a newly cast concrete slab that serves as the foundation and ground 

for a future school building. The entire slab (building) is approximately rectangular in shape with 

length 60 m and width 17 m. No joints appear within the extent of these outer boundaries; i.e., the 

slab is cast in a continuous assembly. The slab has a uniform nominal thickness of 0.12 m, except 

along the walls and bases of columns the thickness is increased to enhance the load-carrying 

capacity. More specifically, the measurement data in this study are acquired inside a rectangle with 

length 4 m and width 1.8 m. This rectangle is shown and highlighted in green in Fig. 1(a). In turn, this 

rectangle is located in the center of a room with length 8.1 m and width 6 m, shown in Fig. 1(a). The 

nominal thickness of the slab in the room follows the uniform standard value of 0.12 m, except along 

the top, left, and bottom edges of the room (gray color in Fig. 1(a)) where the thickness is increased 

to 0.32 m to support the load from the inner walls. Along the right edge of the room, which also is at 

the edge of the slab (gold color in Fig. 1(a)) and the outer wall, the nominal thickness is increased to 

0.5 m. Except at this right edge of the room (slab edge), the distances to the outside edges of the slab 

are a minimum of 9 m. Thus, the location of the measurement ensures low influence from reflections 

caused by free slab edges. Moreover, since a newly cast plate is studied, it is expected that the slab 

will have uniform material properties and thickness and will be free of anomalies and defects. The 

measurement location is selected in order to create a controlled and reliable test environment that 

facilitates the development of new processing techniques without introducing excessive 

uncertainties.  
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Fig. 1 (a) Sketch of measurement domain and (b) overview of measurement equipment 

Measurement data are collected with portable equipment consisting of a three-component 

accelerometer (PCB model 356A15), impact hammer (PCB model 086C03), signal conditioners (PCB 

model 480b21), data acquisition card (NI USB-6251 BNC), and laptop computer. An overview of the 

equipment is shown in Fig. 1(b). The collected data are composed of the vibration responses 

recorded by the accelerometer due to impacts made with the hammer. Responses from 1040 

impacts are recorded at positions shown in Fig. 2(a) as black dots. The accelerometer remains at a 

fixed position during the measurement, and it is marked with a red cross in the center of the 

measurement domain shown by the green rectangle in Fig. 2(a) and (b). Fig. 2(a) and (b) also show 

the orientation of the 𝑥𝑦𝑧-domain assigned to the measurement. For the direction parallel to the 𝑥-

axis, the impact points appear at 𝑥-coordinates from +-0.05 m to +-2 m with offset intervals of 0.05 

m between the points; note that no impact points appear along the line x = 0. For the direction 

parallel to the 𝑦-axis, impact points appear at 𝑦-coordinates from -0.9 m to +0.9 m with offset 

intervals of 0.15 m between the points. Fig. 2(b) shows a photograph of the slab taken during the 

measurement. This figure depicts the rectangle (green color), the accelerometer (red cross), the 

coordinate system (yellow dotted lines), and the edge of the rectangular domain (yellow solid lines). 

For brevity, the 1040 impact points are not highlighted in Fig. 2(b). 

 

Fig. 2 (a) Measurement domain and associated coordinate system and (b) photograph from measurement with illustration 
of coordinate system and practical execution 

Planning and organization are important in the collection of a large number of impact responses. In 

our case, we divide the 1040 points into 26 lines, each containing 40 impact points. Fig. 2(b) shows 

an example of a line that is illustrated with yellow dashed markings. Along the line, 40 impacts are 

performed from left to right, covering a distance of 40 ∙ 0.05 = 2 m. This corresponds to half of the 

rectangular domain length of 4 m. The 0.05 m offset distance between each point along the 𝑥-

direction is maintained with guidance from the carpenter’s ruler placed adjacent to the line; see Fig. 
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2(b). The process is then continued by marking a new line, for instance with a chalk line as used here, 

and thereafter collecting of a new set of 40 impacts. The described procedure is repeated 26 times in 

total, thus producing the 1040 impact points. Accordingly, it can be observed that the overall process 

corresponds to a series of measurements that are similar to those used in a multichannel analysis of 

surface waves (MASW) [23]. In the current measurement, each line requires approximately 5 minutes 

working time to mark the line and perform the impacts. Thus, 2–3 hours of effective working time 

are required to collect the complete dataset of 1040 impacts. It should be mentioned that a major 

part of this effective working time is spent on marking the appropriate location of the lines; typically, 

the impacts themselves are easily performed in a short amount of time. 

For studies of vibrating systems, the coupling condition of the accelerometer is a crucial issue. In this 

study, the accelerometer is mounted with glue at the center of the rectangular domain (Fig. 2(a) and 

(b), red cross) and it is kept in this position throughout the entire course of the measurement. This 

ensures a consistent coupling condition at the receiving end of the measurement system for all 1040 

impacts, and it means that measurement uncertainty, except for electrical noise, is mainly generated 

at the sending end due to the potential variation in the coupling condition of the hammer impacts. In 

addition to generating the vibrations in the plate, the impact hammer also works as a triggering 

device; thus, reciprocity can be used. In more detail, reciprocity generally states that the response of 

a linear elastic system measured by an accelerometer at location A due to an impact applied at 

location B is equal to the response measured from the reciprocal arrangement, with the impact 

applied at location A and the accelerometer at location B. As a result, we are able to obtain a dataset 

containing the full wave field response from a transient point source excitation at the position of the 

accelerometer (Fig. 2(a) and (b), red cross) recorded with 1040 sensors located at the impact points 

(Fig. 2(a), black dots). In the following, this dataset is further studied and analyzed. 

3. Data processing and results 
The data acquisition card operates at the sampling frequency 𝑓𝑠 = 200 kHz and a recording length of 

20 ms, i.e., a recording length of 4000 samples. With the use of reciprocity, the collected dataset 

represents the full wave field response due to a point source excitation recorded with an array 

consisting of 1040 sensors. In the following, the aim is to demonstrate potential processing schemes 

relevant for this dataset by providing an explanation and details regarding the implementation of 

these schemes. The 1040 sensors are analyzed by dividing them into subsets of smaller groups. 

Accordingly, the groups can be interpreted as synthetic sensor arrays created by the geometrical 

shape that defines the group. 

For this measurement, since a three-component accelerometer is used, each sensor records three 

individual signals: the acceleration response in the 𝑥-, 𝑦-, and 𝑧-directions. Thus, the dataset contains 

3120 signals in total. In the following analysis, both the surface normal response (𝑧-direction) and the 

surface in-plane responses (𝑥- and 𝑦-directions) are considered. However, note that the presented 

analysis is not dependent on all components being measured; the adopted methodology is also 

applicable for data recorded with a conventional single-component accelerometer, which typically 

measures the surface normal component (𝑧-direction). 

3.1 Line array 
An array defined by a line enables the study of a wave field in both space and time. In geophysical 

applications, this is often referred to as multichannel analysis of surface waves (MASW) [23], and 

similar approaches using this very general type of array are also used to test metal plates [24] and 

plate-like concrete structures [15]. Typically, for most applications, the arrays are characterized by 

uniform spatial sensor spacing along a line. In the case of this study, we create the array by selecting 
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sensors along the positive 𝑥-axis; see Fig. 3(a) in which the blue diamond markers indicate the 

positions of the sensors and the red cross indicates the location of the transient point source 

excitation (from reciprocity). The array shown in Fig. 3(a) consists of 40 sensors located every 0.05 m 

along the positive 𝑥-axis over the range 𝑥 = 0.05 m to 𝑥 = 2 m. For this line array case, we consider 

the signals containing the surface in-plane (𝑥-direction) acceleration response and the surface 

normal (𝑧-direction) acceleration response. Thus, the signals containing the acceleration response in 

the 𝑦-direction (transversal surface in-plane response) are ignored and not considered in the 

following analysis.  

 

Fig. 3 (a) Measurement domain and line array shown with blue diamond markers, (b) time-domain low-pass filtered surface 
in-plane acceleration response and wave mode labels, (c) frequency-phase velocity correlation image and Lamb mode 
labels 

Data corresponding to the surface in-plane (𝑥-direction) acceleration response recorded with the 

array in Fig. 3(a) are shown in Fig. 3(b). For improved readability, the presented time domain data are 

low-pass filtered to reduce the frequency content above 30 kHz. Fig. 3(b) shows the time history, up 

to 2 ms, of the signals that represent the surface in-plane acceleration response for all sensors in the 

array as a function of the 𝑥-coordinate of the sensors. This type of plot, sometimes referred to as a 

wiggle plot or seismic record, allows an initial analysis of the data in both time and space. In Fig. 3(b), 

the longitudinal wave can be identified (see marking with arrow). After a time of approximately 1 ms, 

a stationary mode is observed. This mode corresponds to the S1-ZGV Lamb mode (see marking with 

ellipse), i.e., the reverberating mode typically analyzed in IE measurements of plates. Between the 

longitudinal wave and the S1-ZGV Lamb mode, a propagating surface wave can also be noticed (see 

marking with arrow). 

Although the visualization of the data in Fig. 3(b) possibly allows estimations of both velocity (slope 

in Fig. 3(b)) and frequency (periodicity in Fig. 3(b)), these estimations may be challenging since the 

recorded wave field consists of multimodal and dispersive Lamb waves that are present 

simultaneously over a wide frequency range. For this reason, estimations that are more robust are 
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generally obtained by transforming the data to the frequency domain in both time and space. This 

can be achieved using a 2D Fourier transform, as given by [25]: 

 𝑆(𝑘, 𝑓) = ∫ ∫ 𝑠(𝑥, 𝑡) 𝑒−2𝜋𝑖(𝑓𝑡−𝑘𝑥)𝑑𝑥 𝑑𝑡

+∞

−∞

+∞

−∞

 Eq. 1 

 

where 𝑆 is the measured response as a function of spatial frequency (wave number) 𝑘 and temporal 

frequency 𝑓, and 𝑠 is the recorded vibration as a function of space 𝑥 and time 𝑡. By using a discrete 

implementation (see Section X) of this transform and the relation 𝑉 = 𝑓/𝑘, where V is the phase 

velocity, the surface in-plane acceleration response is transformed to the frequency-phase velocity 

domain. The same transformation is also performed for the surface normal acceleration response. 

Then, a superposition of the transformed surface in-plane and surface normal responses is created 

and shown in Fig. 3(c). Basically, Fig. 3(c) shows the correlation for different combinations of 

frequencies 𝑓 and phase velocities 𝑉 for the data recorded by the array. The dark color indicates 

strong correlation, whereas the light color indicates weak correlation. In Fig. 3(c), the two 

fundamental Lamb modes A0 and S0 can be identified (see markings). In addition, the part of the S1 

Lamb mode curve related to the S1-ZGV Lamb mode can also be observed. This type of correlation 

image can be used to track the dispersive properties of the measured wave field. In other words, a 

Lamb wave dispersion analysis can be performed and used to evaluate the elastic properties and 

thickness of the plate [24]. Note that this type of analysis is independent of a priori information 

about the structure; compared with, for instance, the conventional IE technique [7], no empirical 

correction factors or calibration values are required [17]. 

3.2 Two-dimensional discrete Fourier transform 
Since no analytical expressions exist for the measured response, the expression in Eq. 1 must be 

numerically evaluated to create the correlation image in Fig. 3(c). The literature provides examples of 

implementing such evaluations [23, 25–29]. Although the format of implementation varies in the 

literature, the aim of estimating the spectral content in time and space is common. In this study, we 

adopt a discrete implementation described in a matrix format, since the matrix format is easily 

modified for arrays with nonuniform sensor spacing. Moreover, this format can be directly 

implemented in codes such as MATLAB. Here, the line array given by the blue diamond markers in 

Fig. 3(a) is used as an illustrating example. However, it is emphasized that the implementation is 

general and applicable to other line arrays as well. 

Let 𝒔[𝑛] be a row vector containing the signal recorded by a sensor: 

 𝒔[𝑛] = [𝑠[1] 𝑠[2] ⋯ 𝑠[𝑁]] Eq. 2 
 

The index 𝑛 = 1, 2, …𝑁 refers to each discrete sample of the signal in time. In this case, the vector 

𝒔[𝑛] contains 𝑁 = 4000 discrete samples 𝑠 recorded at time intervals 1/𝑓𝑠, where 𝑓𝑠 = 200 kHz is 

the temporal sampling frequency. The spatial array consists of sensors that are numbered with index 

𝑚 = 1, 2,…𝑀. For the array studied here (blue diamond markers in Fig. 3(a)), the number of sensors 

is 𝑀 = 40. The sensors are located at the coordinates given by 𝑥𝑚 = 𝑚 ∙ 0.05, where 0.05 is the 

spatial sampling interval along the 𝑥-axis. The 𝑦-coordinates are for all sensors 𝑦𝑚 = 0. An 𝑀-by-N 

matrix 𝑺 containing the signals 𝒔𝑚 for all sensors 𝑚 = 1, 2,…𝑀 in the array is defined by 
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 𝑺 =  [

𝒔1

𝒔2

⋮
𝒔𝑀

] Eq. 3 

 

In this case, the signal 𝒔1 corresponds to the sensor located closest to the point source location (red 

cross at 𝑥 = 𝑦 = 0 in Fig. 3(a)), and 𝒔𝑀 = 𝒔40 corresponds to the sensor located farthest away from 

the point source. That is, the sensor signals in matrix 𝑺 are sorted according to ascending distance 

from the point source according to ascending 𝑥-coordinates.  

For the discrete Fourier transform in the time domain, a complex and discrete test function is defined 

by 

 𝜃𝑓[𝑛] = 𝑒−2𝜋𝑖 𝑓𝑡𝑒𝑠𝑡 𝑛/𝑓𝑠  Eq. 4 

 

The test function 𝜃𝑓 describes a complex harmonic oscillation with frequency 𝑓𝑡𝑒𝑠𝑡. The subscript 𝑓 

indicates that the function is associated with frequency in the time domain. The term 𝑛/𝑓𝑠 can be 

interpreted as the time variable along which the function is periodic. By calculating the test function 

for 𝑛 = 1, 2, …𝑁, i.e., for the same length and time as the signals 𝒔𝑚, a test vector is created by 

 𝜽𝑓 = 

[
 
 
 
𝜃𝑓[1]

𝜃𝑓[2]

⋮
𝜃𝑓[𝑁]]

 
 
 

 Eq. 5 

 

Then, the discrete Fourier transform in the time domain is formulated as 

 𝒔𝑓 = 𝑺𝜽𝑓  Eq. 6 
 

The resulting column vector 𝒔𝑓 with length 𝑀 contains complex numbers that are related to both the 

amplitude and phase of the spectral content for each sensor signal 𝒔𝑚 at the test frequency 𝑓𝑡𝑒𝑠𝑡.  

For the discrete Fourier transform in the space domain, a new complex and discrete test function is 

defined as 

 𝜃𝑓−𝑉[𝑥𝑚] =  𝑒2𝜋𝑖 𝑓𝑡𝑒𝑠𝑡/𝑉𝑡𝑒𝑠𝑡 𝑥𝑚 Eq. 7 

 

The test function 𝜃𝑓−𝑉 describes a complex harmonic oscillation defined by the test frequency 𝑓𝑡𝑒𝑠𝑡 

and the test phase velocity 𝑉𝑡𝑒𝑠𝑡. The subscript 𝑓 − 𝑉 indicates that the function is associated with 

frequency in time and the phase velocity. As a result, the function is defined by frequency in the 

space domain given by a test wave number 𝑘𝑡𝑒𝑠𝑡 = 𝑓𝑡𝑒𝑠𝑡/𝑉𝑡𝑒𝑠𝑡. This means that the function 𝜃𝑓−𝑉 is 

periodic along the spatial 𝑥-axis of the array. The test function is calculated for the 𝑥-coordinates of 

each sensor to create a new test vector: 

 𝜽𝑓−𝑉 =

[
 
 
 
𝜃𝑓−𝑉[𝑥1]

𝜃𝑓−𝑉[𝑥2]

⋮
𝜃𝑓−𝑉[𝑥𝑀]]

 
 
 

 Eq. 8 

 

The discrete Fourier transform in space domain is then given by 

 𝑠𝑓−𝑉 = (𝒔𝑓 ⊘ abs(𝒔𝑓))
𝑻𝜽𝑓−𝑉 Eq. 9 
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where ⊘ is an element-wise division (Hadamard division) and abs(𝒔𝑓) is the absolute value of each 

element in the vector 𝒔𝑓. Here, the element-wise division with the absolute values of the elements in 

𝒔𝑓 is used as a normalizing operation that removes the dependency on the amplitude of the wave 

field. Thus, this discrete Fourier transform in the space domain corresponds to an analysis of the 

phase angles of the complex elements in vector 𝒔𝑓. This means that the magnitude of the resulting 

transformation given by 𝑠𝑓−𝑉 represents a measure of the correlation showing the extent to which a 

wave mode with frequency 𝑓𝑡𝑒𝑠𝑡 and phase velocity 𝑉𝑡𝑒𝑠𝑡 exists in the recorded wave field. The 

subscript 𝑓 − 𝑉 is used to symbolize the association with both frequency 𝑓 and phase velocity 𝑉. In 

the implementation presented here, 𝑠𝑓−𝑉 represents a complex scalar value. Thus, for the creation of 

a correlation image as presented in Fig. 3(c), the above steps may be repeated over a range of 

combinations of test frequencies 𝑓𝑡𝑒𝑠𝑡 and test phase velocities 𝑉𝑡𝑒𝑠𝑡.   

In this example, the correlation image in Fig. 3(c) is created by calculating 𝑠𝑓−𝑉 for both the surface 

in-plane (𝑥-direction) and the surface normal (𝑧-direction) responses. The transformed responses are 

then combined in the correlation image to (|𝑠𝑓−𝑉,in−plane|+|𝑠𝑓−𝑉,normal|)
2. The parenthesis is 

squared to facilitate the contrast of the correlation image, i.e., the power of the parenthesis acts as a 

modulating gain. Here, note that although the surface in-plane component and the surface normal 

component of Lamb modes in general are different in both phase and magnitude along the 

propagation axis, the frequency and phase velocity of a Lamb mode is the same for both 

components. For this example, an improved correlation image quality is obtained by the usage of 

two components instead of one component.  

3.3 Radial offset domain transformation 
By assuming cylindrical spreading of the wave field due to a point source, the processing scheme for 

a line array can be extended to include 2D arrays created by groups of sensors defined by a surface. 

Practically, this can be realized by transforming the recorded data to a radial offset domain. In the 

radial offset domain, the locations of the sensors are defined by a spatial radial coordinate 𝑟 that 

measures the distance from the sensor to the source location (red cross in Fig. 2(a) and (b)). 

Naturally, the radial coordinate 𝑟𝑚 for a sensor 𝑚 is given by 

 𝑟𝑚 = √𝑥𝑚
2 + 𝑦𝑚

2  Eq. 10 

 

where 𝑥𝑚 and 𝑦𝑚 are the coordinates for the sensor 𝑚 in the 𝑥𝑦-plane. In other words, the radial 

offset domain represents a polar domain with a radial axis 𝑟 directed outward from the center of the 

domain located at 𝑥 = 𝑦 = 0 (the location of the transient source from reciprocity).  

In the radial offset domain, two acceleration responses are used: the surface normal response (𝑧-

direction) and the surface in-plane response (𝑟-direction). Note that the 𝑧-axis in the radial offset 

domain is the same as the 𝑧-axis in the initial 𝑥𝑦𝑧-domain displayed in Fig. 2. For this reason, no 

action is needed for the signals containing the surface normal response (𝑧-direction); this response is 

only dependent on one physical channel of the accelerometer. However, to obtain the surface in-

plane response (𝑟-direction) in the radial offset domain, a simple transformation of the initially 

recorded data is required since this response is dependent on two physical channels (components) of 

the accelerometer. Accordingly, the surface in-plane acceleration response (𝑟-direction) signal 

𝒔𝑚,𝑖𝑛−𝑝𝑙𝑎𝑛𝑒 for a sensor 𝑚 can be obtained by 

 𝒔𝑚,𝑖𝑛−𝑝𝑙𝑎𝑛𝑒 = (𝒔𝑚,𝑥𝑥𝑚 + 𝒔𝑚,𝑦𝑦𝑚)/𝑟𝑚 Eq. 11 
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where 𝒔𝑚,𝑥 and 𝒔𝑚,𝑦 are the signals containing the surface in-plane acceleration response in the 𝑥- 

and 𝑦-directions for the sensor 𝑚, respectively. That is, 𝒔𝑚,𝑖𝑛−𝑝𝑙𝑎𝑛𝑒 is obtained by projecting the 

acceleration response in the 𝑥- and 𝑦-direction onto the polar radial 𝑟-direction.  

To proceed and further develop the study, the described transformation technique is applied to the 

collected dataset. An example of the output from this transformation is presented in Fig. 4, which 

shows the normalized surface in-plane (r-direction) acceleration response (Fig. 4(b)) and the 

normalized surface normal (z-direction) acceleration response (Fig. 4(c)) for the sensors marked with 

blue diamonds (Fig. 4(a)). For improved readability, the presented time-domain data are low-pass 

filtered to reduce the frequency content above 30 kHz. The selected sensors in Fig. 4(a) represent 14 

sensors located at the radial offset distance r = 1.7 ± 0.01 m, i.e., at approximately the same radial 

offset distance r from the point source (red cross in Fig. 4(a)). In both Fig. 4(b) and (c), the signals 

from the 14 sensors show similar behavior. The consistency among the signals, showing the first 

arrival of the longitudinal wave around 0.9 ms and a surface wave around 1.2 ms, indicates that the 

plate under investigation is homogenous. Moreover, this consistency also implies a reliable and 

robust triggering in the time domain for each sensor. After around 1.7 ms, the signals are no longer 

consistent. This is related to the exposure of the sensors to different amounts of scattering and 

reflections; thus, we anticipate the reduced consistency as a function of time, as observed here.  

 

Fig. 4 (a) Measurement domain and sensors shown with blue diamonds, (b) corresponding time-domain low-pass filtered 
acceleration response for surface in-plane direction and (c) surface normal direction 

3.4 2D array 
By assuming a relatively constant material and plate thickness within a limited surface region, a 2D 

array defined by a group of sensors can be evaluated as a line array in the radial offset domain using 

a similar approach to that described in Section 3.2. This is done by adopting the transformation 

technique described in Section 3.3. One example of this evaluation is illustrated with the 2D array 

shown as blue markers in Fig. 5(a). This 2D array is defined by the surface of a rectangle with a width 
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of 0.3 m and a slope of 25° (Fig. 5(a)). The 2D array contains 85 sensors, and the data collected by 

these sensors are further studied in the radial offset domain. The surface in-plane acceleration 

response (𝑟-direction) as function of time and space is shown in Fig. 5(b). For improved readability, 

the presented time-domain data are low-pass filtered to reduce the frequency content above 30 kHz. 

In Fig. 5(b), the longitudinal wave and the S1-ZGV Lamb mode can be observed; the data show major 

similarities with Fig. 3(b).  

 

The data are transformed to the frequency-phase velocity domain, and the results from this 

transformation are displayed in Fig. 5(c). The processing technique required to create this correlation 

image is principally the same as that described in Section 3.2. However, since the data are analyzed 

in the radial offset domain, the coordinate variable 𝑥𝑚 is replaced with the radial coordinate variable 

𝑟𝑚. As a result, the test function for the discrete Fourier transform in the space domain takes a 

slightly different form, according to 

 𝜃𝑓−𝑉[𝑟𝑚] =  𝑒2𝜋𝑖 𝑓𝑡𝑒𝑠𝑡/𝑉𝑡𝑒𝑠𝑡 𝑟𝑚 Eq. 12 

 

The corresponding test vector is created by 

 𝜽𝑓−𝑉 =

[
 
 
 
𝜃𝑓−𝑉[𝑟1]

𝜃𝑓−𝑉[𝑟2]

⋮
𝜃𝑓−𝑉[𝑟𝑀]]

 
 
 

 Eq. 13 

 

where 𝑟𝑚 are the radial coordinates for the sensors. This means that the test vector 𝜽𝑓−𝑉 now 

represents a complex harmonic vector that is periodic along the radial axis 𝑟. Both the surface in-

plane response (𝑟-direction) and the surface normal response (𝑧-direction) are calculated and used 

to create the correlation image in Fig. 5(c) according to (|𝑠𝑓−𝑉,in−plane|+|𝑠𝑓−𝑉,normal|)
2. Major 

similarity between the correlation image for this 2D array (Fig. 5(c)) and the correlation image for the 

line array (Fig. 3(c)) is observed. This similarity ensures validity and strengthens the feasibility of 

using 2D arrays in evaluations performed in the radial offset domain. The similarity also verifies, to 

some extent, that the plate is homogenous within the measurement domain. This result is expected 

since a newly cast plate is studied; the test location is intentionally selected to ensure an 

environment with few uncertainties. 
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Fig. 5 (a) Measurement domain and rectangular 2D array shown with blue diamond markers, (b) time-domain low-pass 
filtered surface in-plane acceleration response, (c) frequency-phase velocity correlation image and estimated velocity for A0 
Lamb mode at 6 kHz 

3.5 Variation of phase velocity: polar angle and 2D imaging 
The dispersive properties of Lamb modes in a plate are defined by the material properties and 

thickness. If a variation in the material or thickness is present in the lateral plane of the plate, then a 

variation in the dispersion is also present. The homogeneity of a plate can be assessed by measuring 

the phase velocity of Lamb modes at different locations on the plate. For a complete assessment, the 

analysis may be focused on the full frequency range of the dispersive wave field. However, this may 

be an elaborate task, at least for an initial assessment of a measurement object. It is therefore 

reasonable to select one or a few modes at a narrow range of frequencies for the initial analysis of 

homogeneity. As such example, in the following part of this study, we select the A0 Lamb mode at 

the frequency 6 kHz; see the marking with a red cross in Fig. 5(c). This Lamb mode is selected since its 

mode shape is present through the entire thickness of the plate. The phase velocity of the mode is 

therefore dependent on both the material properties along the complete cross-sectional thickness as 

well as on the dimension of the thickness itself; i.e., the mode is not sensitive to potential local 

surface material inhomogeneities.  

Using the test phase velocity that maximizes the correlation image amplitude at 6 kHz in Fig. 5(c), the 

phase velocity for the A0 Lamb mode is estimated to be 1.86 km/s; see the marking with a red cross 

in Fig. 5(c). The corresponding wavelength is therefore 𝜆 = 𝑉 𝑓⁄ ≈ 0.3 m. Thus, considering the 

nominal plate thickness of 0.12 m, this mode can be considered as a robust selection suitable for an 

initial assessment of the general homogeneity of the plate. The estimated phase velocity is 

representative of the surface region covered by the 2D array displayed with blue diamond markers in 

Fig. 5(a). That is, the estimate represents a type of spatial average of the phase velocity for the mode 

within the surface region given by the 2D array; the 2D array can be interpreted as a spatial 

averaging operator dependent on the surface size and shape in relation to the wavelength of the 

mode.  
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Fig. 6(a) shows the estimated phase velocity for the A0 Lamb mode at 6 kHz as a function of the polar 

angle of the 2D array in steps of 5°. This result is obtained by a stepwise rotation of the 2D array in 

Fig. 5(a) around the measurement and a corresponding estimation of the phase velocity at each step. 

Results show little variation in the estimated phase velocity; the minimum, mean, and maximum 

phase velocities are 1793 m/s, 1849 m/s, and 1911 m/s, respectively. That is, the variation is typically 

within ±3% of the mean phase velocity, and an almost consistent phase velocity for the A0 Lamb 

mode is observed. Thus, results from this initial assessment show that the plate is essentially 

homogenous within the measurement domain. This is expected since a newly cast plate is studied.  

 

 

Fig. 6 (a) Estimated phase velocity for the A0 Lamb mode at 6 kHz as a function of polar angle for the rectangular 2D array; 
(b) envelope for normalized absolute values of the array window functions in frequency (wave number) domain shown as 
gray shading; blue line corresponds to rectangular 2D array in Fig. 5(a) 

When performing a frequency analysis with discrete Fourier transforms, the topic of sampling is an 

important matter. In this example, where the phase velocity is estimated as a function of the angle of 

the 2D array, constant and uniform sampling is used in the time domain. However, this is not the 

case for sampling in the space domain, since each angle (step of 5°) is associated with one particular 

2D array and set of sensors. This means that the number of sensors, as well as their interrelating 

locations in the radial offset (space) domain, will vary among the different 2D arrays (angles). For this 

reason, it is of interest to evaluate the influence from the characteristics of each 2D array (angle). 

From a signal-processing point of view, a general array corresponds to a spatial window function that 

is used to sample the wave field [30]. The sampling in the radial offset (space) domain represents a 
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multiplication of the spatial array window function and the physical wave field. According to the 

convolution theorem, multiplication in the space domain corresponds to convolution in the 

frequency (wave number) domain. Thus, the measurement (sampling) corresponds to a convolution 

between the discrete Fourier transform of the array window function and the true wave field in the 

frequency domain. Owing to this, the resolution of the estimated phase velocity (wave number) is 

dependent on the discrete Fourier transform of the array window function. In this example, the array 

window is defined by a discrete rectangular function with unit value at the locations of the sensor 

positions and zero value elsewhere. This means that the spatial discrete Fourier transform of the 

array window function, at a test wave number 𝑘𝑡𝑒𝑠𝑡 = 𝑓𝑡𝑒𝑠𝑡/𝑉𝑡𝑒𝑠𝑡 , is obtained by a summation of the 

complex components in the test vector 𝜽𝑓−𝑉 [26]. By repeating this calculation for a range of test 

wave numbers 𝑘𝑡𝑒𝑠𝑡, the spatial Fourier transform of the array window function is obtained. 

For the 2D array shown with blue diamond markers in Fig. 5(a), the absolute value of the spatial 

Fourier transform for the array window function is shown in Fig. 6(b) with a blue solid line. The gray 

shading in Fig. 6(b) represents the envelope corresponding to all 2D arrays that are used to create 

Fig. 6(a). Note that the magnitude of the window functions are normalized in Fig. 6(b). In the 

evaluation of the spatial Fourier transforms of window functions, two aspects are considered. The 

first aspect concerns the width of the main lobe at the wave number 𝑘 = 0, which determines the 

resolution of the estimated frequency (wave number). A narrowing of this width increases the 

resolution and a broadening reduces the resolution. In Fig. 6(b), the envelope exhibits some spread. 

From a manual inspection (not shown here) of the data analysis of the 2D arrays with the greatest 

main lobe width, we can see that reliable estimations of the phase velocity are obtained even for 

these 2D arrays. In particular, we verify that we can obtain correlation images (as in Fig. 5(c)) with 

sufficient resolution and similarity compared with those created from the other 2D arrays with a 

narrower main lobe width. The second aspect concerns the locations of the highest side lobes, at 𝑘 =

 ±7 in Fig. 6(b), which provide information about potential aliasing. For the mean phase velocity of 

𝑉 =  1849 𝑚/𝑠 at the frequency 𝑓 = 6 𝑘𝐻𝑧, the corresponding wave number is 𝑘 = 𝑓 𝑉⁄ =

 3.2 𝑚−1. This means that the side lobes appear at 𝑘 = 3.2 ± 7 𝑚−1. For the phase velocity, this 

corresponds to approximately 𝑉 =  −1600 𝑚/𝑠 and 𝑉 =  600 𝑚/𝑠. Consequently, since the A0 

Lamb mode is a single dominating mode at the investigation frequency (6 kHz), the effect from 

aliasing from these side lobes does not represent an issue in this example. To summarize, by 

considering these two aspects, we verify that the result presented in Fig. 6(a) is based on a reliable 

sampling in space. This type of verification is central in all types of frequency analyses, but is 

especially important for the cases, as here, where nonuniform sampling is used. 

The study of the variation in phase velocity in Fig. 6(a) is made by rotating a 2D array with a 

rectangular shape. However, the rectangular shape represents only one among many possible 

shapes. For instance, a possible alternative is a 2D array defined by a circular surface. Fig. 7(a) shows 

an example of a 2D array defined by a circle with radius 0.45 m, and this type of 2D array is further 

explored in the following. Compared with the rectangular 2D array in Fig. 5(a), with one end fixed at 

the source location, Fig. 7(a) shows that the position of a 2D array with a circular shape can be 

changed more freely within the measurement domain given by the green rectangle. Here, we sweep 

the circular 2D array within a rectangular grid space defined by 40 points along the 𝑥-axis and 20 

points along the 𝑦-axis. Following the same principle as previously described, an estimation of the 

phase velocity for the A0 Lamb mode at 6 kHz is made at each grid point. Accordingly, this provides 

an estimate of the phase velocity over a 2D grid surface. The result from this evaluation is shown in 

Fig. 7(c) as a phase velocity image with color corresponding to the estimated phase velocity. Note 

that the color of each pixel is representative of the estimated phase velocity within the complete 

surface covered by the corresponding 2D array. In other words, the pixel color does not represent a 
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pointwise phase velocity estimation, since the 2D array has an averaging (smoothing) influence. The 

minimum, mean, and maximum phase velocities are 1771 m/s, 1840 m/s, and 1910 m/s, 

respectively. Thus, also for this evaluation, an almost consistent phase velocity for the A0 Lamb mode 

is observed in the phase velocity image. Similar to the result in Fig. 6(a), the phase velocity image in 

Fig. 7(c) further confirms that a condition of material homogeneity and plate thickness is present in 

the measurement domain. Again, this result is expected since a newly cast and ideally homogenous 

plate is studied.  

Similar to the evaluation based on a rotating 2D array, this evaluation is also associated with 

nonuniform sampling in the space domain. For the circular 2D array shown in Fig. 7(a), the spatial 

Fourier transform of the corresponding array window function is shown with a solid blue line in Fig. 

7(b). The gray shading corresponds to the envelope of the spatial Fourier transforms of all array 

window functions. As previously, we verify the robustness of the estimation by monitoring the 

correlation image quality for the 2D arrays with the greatest main lobe. Again, since the A0 Lamb 

mode is a single dominating mode, the effect from aliasing due to side lobes does not present an 

issue in this case. Yet, for detailed and further investigations of an object, the implementation of a 

sampling criterion that discards estimates obtained from arrays with insufficient spectral resolution 

and performance may provide an approach for handling the sampling and ensuring consistent 

reliability of the results.  

 

Fig. 7 (a) Measurement domain and circular 2D array shown with blue diamond markers; (b) envelope for normalized 
absolute values of the array window functions in frequency (wave number) domain shown as gray shading; blue line 
corresponds to circular 2D array in the top-left subfigure; (c) estimated phase velocity for the A0 Lamb mode at 6 kHz as 
function of 2D array center coordinate 
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4. Concluding remarks 
With a full wave field dataset as the basis, we demonstrate and describe the implementation of a 

processing technique that enables a Lamb wave analysis in the frequency-phase velocity domain. 

Through the transformation of data into the radial offset domain, the initial technique is extended to 

include 2D arrays defined by 2D surfaces such as rectangles or circles. An analysis of the phase 

velocity as a function of polar angle is performed for 2D arrays with a rectangular shape, and a 2D 

phase velocity imaging analysis is performed for the 2D array with a circular shape. Naturally, other 

2D array layouts are possible although they are not discussed here. 

Results from the analysis of the phase velocity variation for the A0 Lamb mode at 6 kHz show a 

consistent phase velocity with little variation and a mean value around 1850 m/s. This means that 

the investigated plate is, as expected, essentially homogenous with little variation in the material 

properties and thickness within the measurement domain. Thus, this type of analysis is an example 

of an initial assessment of material condition and plate thickness for an unknown testing object. For 

most 2D arrays in this study, we used nonuniform sampling in the space domain. It is shown that a 

spectral estimation can also be performed under this sampling condition. Nevertheless, to ensure 

reliable results, the effect from the sampling condition should be evaluated. 

The presented technique is demonstrated on one specific plate. Naturally, for further developments, 

it is important to investigate the application on other test objects as well as to understand its 

sensitivity to defects and anomalies. It is reasonable that the literature on guided wave applications 

in other fields may be useful for this task. Concerning the practicality of the measurements, it is 

expected that, with modern developments in fields such as wireless protocols, positioning systems, 

digital image processing, and augmented reality, the effort of collecting a full wave field dataset over 

a measurement domain, as in this study, can be minimized. 

To summarize, from a general viewpoint we are able to show that a Lamb wave phase velocity 

imaging analysis of concrete plates can be performed with essentially the same simple equipment as 

that used for the IE method [7]. This highlights the very general characteristic of the utilized full wave 

field response, that a substantial number of evaluation methodologies are likely possible. Compared 

to ultrasonic transducers, transient impact sources are not limited to a narrow band of operating 

frequency; on the contrary, energy over a wide range of frequencies is generated and fed into a full 

wave field response. For this reason, techniques based on transient impact sources (full wave field) 

are important in cases where scattering and attenuation issues limit the use of ultrasonic techniques. 

In view of the need to inspect infrastructure constructions of large dimensions with potentially 

heavily reinforcement and coarse aggregates, we believe full wave field approaches, such as the one 

presented, represent a valuable and qualified complement to ultrasonic techniques. Here, it is 

emphasized that full wave field approaches operating in the frequency range below ultrasonic 

techniques, say 10–20 kHz, do not provide a substitute for ultrasonic techniques; our opinion is that 

optimal nondestructive evaluation is obtained by combining information from several techniques. 

That said, we hope that future full wave field approaches are considered equally qualified as 

ultrasonic techniques, and that this study provides a step toward a more developed and unified 

evaluation approach for concrete structures that utilize as many techniques (carriers of information) 

as reasonably possible. 
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Lamb modes with zero group velocity at nonzero wave numbers correspond to local and stationary

resonances in isotropic plates. Lamb modes can be utilized for nondestructive evaluation of the

elastic properties and thickness. One example of an application is the testing of plate-like concrete

structures. In this example, continuous variation in the material velocity through the thickness may

occur. This is usually not accounted for in analyses, and with this as starting point, two inhomoge-

neous and nonsymmetric cases with continuous material variations are investigated using a semi-

analytical finite element technique and a simulated measurement application. In a numerical study

limited to the lowest zero-group velocity mode, results show that these modes for the inhomoge-

neous cases are generated with similar behavior and the same detectability as in the case of an iso-

tropic plate. However, a complex relationship between mode frequency and material velocity exists

for the inhomogeneous cases. This hinders the evaluation and interpretation of representative esti-

mations such as those for a cross-sectional mean value of the plate properties. This may lead to

errors or uncertainties in practical applications. VC 2017 Acoustical Society of America.

[http://dx.doi.org/10.1121/1.4983296]

[JFL] Pages: 3302–3311

I. INTRODUCTION

An interesting and fascinating type of Lamb mode is

the so-called zero-group velocity (ZGV) mode.1,2 These

Lamb modes possess the extraordinary property of a van-

ishing group velocity combined with a nonzero wave num-

ber. More specifically, the vanishing group velocity is due

to the interference of two modes, defined at the same fre-

quency, that have the same mode shape propagating with

equal absolute phase velocities (wave numbers) but with

opposite signs (directions). In this case, a stationary mode

is obtained that materializes as a local ringing resonance of

the plate structure with a sharp and distinct frequency peak

in the response spectrum. Since the characteristics of ZGV

Lamb modes are defined by the elastic properties and thick-

ness of the plate,3 this type of resonance may be utilized for

nondestructive evaluation. Because of its stationary and

nonpropagating nature, a local estimation of the elastic

properties and thickness is obtained.1,4 This feature is par-

ticularly useful in situations where constant material or

thickness is not ensured in the lateral plane of the plate and

in cases where a free and accessible surface for analyzing

propagating waves is limited.

In the literature, Tolstoy and Usdin5 predicted in 1957

the existence of a sharp ringing resonance related to a van-

ishing group velocity in an elastic plate. More recently, the

topic has received new attention in studies that demonstrate

both generation and detection of such sharp ringing resonan-

ces4,6 and explicitly link this phenomena to ZGV Lamb

modes. The topic of ZGV Lamb modes is currently active

within ongoing nondestructive evaluation studies. Topics

include isotropic plates,1,7,8 anisotropic plates,9 hollow cyl-

inders,10,11 the interfacial stiffness of layered media,12,13

thin-layer measurements,14 and glass materials.15 Studies

also examine air-coupled measurements,4,16–18 wave focus-

ing,19,20 and enhanced ZGV Lamb mode generation in laser

ultrasonic applications.21–23

Clearly, the results presented in the literature demon-

strate the potential of using ZGV Lamb modes, and several

evaluation techniques and applications have evolved. One

example, which is the focus of the present work, is the test-

ing of plate-like concrete structures. Early studies reported

on the usage of a longitudinal thickness resonance,24 which

is linked to the first symmetric ZGV Lamb mode25 and sub-

sequently combined with surface wave measurements.26

More recently, this work has been extended with techniques

that use the ZGV Lamb mode shape to estimate the temporal

frequency27–29 and Poisson’s ratio.7 Indeed, this example of

progression confirms and strengthens the importance of a

thorough understanding of the behavior of ZGV Lamb

modes for improved further development.

Although the literature concerning ZGV Lamb modes is

rather extensive, to the authors’ best knowledge, only a few

studies consider the topic of continuously varying material

through the plate thickness.30 In contrast to structures formed

by discrete layers and well-defined interfaces such as lami-

nates, some plate-like concrete structures may have continu-

ously varying material properties through the plate

thickness.31–37 Such continuous material variations, resulting

in varying acoustic bulk wave velocities, may originate from

the uneven settlement of aggregates during casting, uneven

moisture distribution, material degradation or corrosion

of internal steel reinforcement, or other mechanisms.38

Even so, potential variations in the material properties area)Electronic mail: oskar.tofeldt@tg.lth.se
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generally not considered in measurements of plate-like con-

crete structures with ZGV Lamb modes;25,39 on the contrary,

isotropy based on constant material properties through the

plate thickness is usually implicitly assumed. To better under-

stand the limitations and robustness of this type of application

and to support further development, there is a need for

improved knowledge of ZGV Lamb modes in plates with con-

tinuous material variations through the thickness. Improved

understanding also contributes to the overall aim of increased

knowledge within the general field of ZGV Lamb modes.

This study investigates the behavior of ZGV modes in

two synthetic cases defined by two plates with inhomoge-

neous and nonsymmetric continuous variation of the acoustic

bulk wave velocities. Results are also compared with a cor-

responding isotropic case. Since only a few prior studies

used higher ZGV modes in the testing of plate-like concrete

structures,40,41 the present work is limited to a study of the

lowest ZGV mode. For isotropic plates with Poisson’s ratio

� < 0.45, the lowest ZGV mode is linked to the first symmet-

ric (S1) Lamb mode,1 typically referred to as the S1-ZGV

Lamb mode. The study is organized in sections as follows:

Sec. II defines the material variation cases, Sec. III describes

the investigation into the cases using a semi-analytical finite

element (SAFE) technique, and Sec. IV further explores the

cases in a simulated nondestructive testing application.

Although the study originates from a perspective of thick

concrete structures, the results hold for other inhomogeneous

cases as well under the condition of guided wave propaga-

tion in plate-like structures through the general assumption

of linear elastic wave propagation.

II. MATERIAL VARIATION CASES

This study investigates two inhomogeneous cases,

referred to as case 1 and case 2, defined by two infinite plates

with continuous material variation throughout the thickness.

These two cases (plates) are also compared with a homoge-

neous, isotropic reference case defined by an isotropic and

infinite plate with constant material properties throughout its

thickness. Although the unbounded (infinite) domain of the

cases represent a theoretical and idealized condition, results

for the lowest ZGV Lamb mode derived under this assump-

tion can be generalized and extended to real plates of finite

dimensions at distances greater than one thickness from

the plate-edge.42 From the perspective of thick plate-like

concrete structures that may have continuous material varia-

tions, cases 1 and 2 are characterized by a continuous inclu-

sion of material with a high and low acoustic wave velocity,

respectively. A more detailed description of both cases and

their relation to the isotropic reference case is provided below.

Both cases are modifications of the isotropic reference

case, which is represented by a linear elastic isotropic plate

with thickness axis parallel to the vertical z axis, infinite lat-

eral dimensions in the horizontal xy plane, a midplane coinci-

dent with the horizontal xy plane (z¼ 0), and a thickness

t¼ 1 m. The homogeneous material in the isotropic reference

case is defined by a longitudinal wave velocity VL¼ 4303 m/s,

a transversal wave velocity VT¼ 2635 m/s (Poisson’s ratio

�¼ 0.2), and density q¼ 2400 kg/m3. Starting from this iso-

tropic reference case as a common basis, case 1 and case 2 are

generated by adjusting the values of the acoustic bulk wave

velocities (VL¼ 4303 m/s and VT¼ 2635 m/s) according to a

scaling function with spatially varying amplitude along the

plate thickness coordinate z.
In total, two scaling functions are used in the study

with one function assigned to each case. The scaling func-

tions for case 1 and case 2 are shown in Figs. 1(a) and 1(b),

respectively. The two functions are defined similarly, with

one term given by a single cycle of a sinusoidal function

FIG. 1. (Color online) Scaling function

for (a) case 1 and (b) case 2. Variation

of acoustic bulk wave velocities for (c)

case 1 and (d) case 2.
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(crest to crest) as well as a second constant term of unity. For

both cases, the wave cycle has the same frequency and spatial

location but it differs in magnitude and sign. The correspond-

ing variations in the longitudinal and transversal wave veloci-

ties as function of the thickness coordinate for cases 1 and 2

are shown in Figs. 1(c) and 1(d), respectively. To highlight

the continuous variation of the material, the darkness of the

background colors of Figs. 1(c) and 1(d) increase with

increasing velocity. It is emphasized that, since the longitudi-

nal and transversal wave velocities vary with the same shape

and relative magnitude, a uniform value of the Poisson’s ratio

(�¼ 0.2) is maintained throughout the entire thickness of the

plate in both cases. It can also be noted that, for both cases,

the material at the top and bottom plate surfaces is unaffected

by the scaling function and accordingly remains the same.

Figure 1 shows that cases 1 and 2 represent an increase

and decrease in the magnitude of the acoustic bulk wave veloc-

ities, respectively. For both cases, this shift appears in a region

below the midplane of the plate (z< 0) and is symmetric

around a peak value located at z¼�0.25. At this peak value,

cases 1 and 2 exhibit an increase and decrease, respectively, of

the acoustic bulk wave velocities with a maximum absolute

relative change of approximately 50%. More precisely, the

specific amplitudes of the sinusoidal wave cycles for both

cases are adjusted to result in a relative shift of 10% of the spa-

tial mean acoustic bulk wave velocities throughout the plate

thickness, compared to the initial values defined by the isotro-

pic reference case (VL¼ 4303 m/s and VT¼ 2635 m/s). This

relative shift is highlighted in Figs. 1(a) and 1(b) by the cross-

sectional mean value of the scaling functions (0.9 and 1.1) for

case 1 and case 2, respectively.

Considering the above detailed descriptions of the two

cases, it should be noted that these two cases represent just

one selection from the countless candidate material variation

cases. In fact, an infinite number of material variation cases

exist. With the necessity to limit these cases, the present

work focuses on two cases that enable a study of ZGV

modes in plates with a continuous inclusion of material with

either high or low acoustic bulk wave velocities. Moreover,

the inclusion is located in a position that creates a nonsym-

metric inhomogeneous material condition with respect to the

midplane of the plate. Although the motive for this selection

develops from the perspective of thick concrete structures, it

should be noted that the cases are not representative of a par-

ticular concrete structure or of a universal material variation

case. However, given the high magnitude of variation in the

acoustic bulk wave velocities, it is anticipated that most con-

crete structures fall within the boundary limits formed by the

case definitions. As a result, the observed qualitative and

quantitative results can be considered valuable and relevant

for plate-like concrete structures in general as well as for

other ZGV Lamb mode applications in view of the general

validity of linear elastic wave propagation.

III. SEMI-ANALYTICAL FINITE ELEMENT ANALYSIS

A. Method

Under the assumption of a linear elastic, isotropic, and

infinite plate located in the horizontal xy plane, the vertically

(z axis) polarized wave field is defined by the Rayleigh-

Lamb equation;3,43,44 the corresponding solutions in terms of

wave modes are usually referred to as Lamb modes.

Although the Rayleigh-Lamb equation appears in a deceiv-

ingly simple and compact form, the task of obtaining a full

wave field solution usually requires extensive processing. As

anticipated, the case of layered structures is more complex

than the case of isotropic plates. For most layered structures,

closed form equations like the Rayleigh-Lamb equation do

not exist. Instead, global matrix formulations based on dis-

crete isotropic layers joined by common interfaces may be

adopted.45 Typically, these approaches, often referred to as

matrix methods, are used for systems described by a handful

of layers.

In the study of mechanical waves in plates with continu-

ous material variations, such as with cases 1 and 2, conven-

tional finite element (FE) simulations can be used to predict

the dynamic response behavior. However, data from such sim-

ulations simultaneously include all existing wave modes

within the investigated frequency range; thus, extensive proc-

essing is usually required to resolve the dispersive relations

within the wave field solution. An alternative approach is to

adopt a SAFE technique,46 which is a compromise between a

fully numerical method and a strictly analytical method.

Briefly, the SAFE technique assumes harmonic wave mode

propagation along the path of a uniform waveguide defined

by an arbitrary, but constant, cross section in the lateral direc-

tion. A reduced system is obtained in which only the wave-

guide cross section must be discretized by finite elements.

The wave field solution of the system can then be determined

by solving the associated eigenvalue problem of temporal and

spatial frequency using standard numerical routines. On that

account, the SAFE technique is one possible candidate

approach for obtaining the wave field solution of cases 1 and

2; therefore, it is adopted in the present work.

From the implementation of a SAFE model in a com-

mercial FE code,47 as described by Predoi et al.,48 the wave

field solutions for cases 1 and 2 are determined and further

analyzed. These wave field solutions, strictly speaking, are

determined from a model composed of a finite number of

discrete material layers (elements). However, by including a

sufficient number of material layers (elements) and with a

careful monitoring of the model solution convergence, the

obtained wave field solutions approach the continuous nature

of cases 1 and 2. The wave field solution for the isotropic

reference case is also determined. For all three cases (1, 2,

and the isotropic reference), no material damping is taken

into account.

B. Results and analysis

The resulting wave number-frequency dispersion curves

for cases 1 and 2 obtained from the SAFE model are shown

in Figs. 2(a) and 2(b), respectively. The dispersion curves in

Fig. 2 show the four lowest propagating modes (real wave

number k) polarized in the plane defined by the thickness

axis (z) and the lateral propagation axis; no shear horizontal

modes are displayed. These four modes are denoted M1,

M2, M3, and M4 for both cases (see Fig. 2). The dispersion
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curves for the four lowest Lamb modes for the isotropic

reference plate, A0, S0, A1, and S1, are displayed for

comparison (dotted lines). For both cases, Fig. 2 shows that

the overall pattern exhibited by the M1–M4 modes is similar

to the pattern exhibited by the A0, S0, A1, and S1 Lamb

modes for the isotropic reference plate. Moreover, it can be

observed that, in general, the M1–M4 modes for case 1 [Fig.

2(a)] display a higher temporal frequency f at a given wave

number k compared to the corresponding Lamb modes for

the isotropic reference case at the same wave number k. This

increase in frequency is equivalent to an increase in phase

velocity Vph¼ f/k and is due to the increase in the mean

acoustic bulk wave velocities as defined by the scaling func-

tion associated with the case. As shown in Fig. 2(b), the

opposite situation, with decreased frequency and phase

velocity due to a decrease in the mean acoustic bulk wave

velocities, holds for case 2.

Although both case 1 and case 2 exhibit similarities

with the isotropic reference case, one difference between

cases 1 and 2 and the isotropic reference case is that the M3

and M4 modes do not cross each other whereas the A1 and

S1 Lamb modes do cross.49,50 This important difference

occurs because the wave field solution of an isotropic plate

is divided into two families consisting of symmetric and

antisymmetric modes with respect to the midplane of the

plate. These two types of mode families are uncoupled

through two separate governing equations.3 However, for

both case 1 and case 2, no such symmetry plane exists; i.e.,

no strict separation into symmetric or antisymmetric modes

can be made and, therefore, crossings between the modes

Mn within cases 1 and 2 are not allowed due to mode repul-

sion.51 This lack of separation into symmetric or antisym-

metric modes provides the motivation for the naming

convention of the modes in cases 1 and 2 (M1, M2, …, Mn);

i.e., no strict classification according to symmetry is made.

To facilitate the study of the first ZGV mode, an

expanded view within a narrower range of wave numbers

and frequencies is created (Fig. 3). Figure 3 shows the M4

mode wave number-frequency dispersion curves for cases 1

and 2 as well as the corresponding S1 Lamb mode curve for

the isotropic reference plate. For both case 1 and case 2, it

can be observed that the M4 dispersion curves, similar to the

S1 dispersion curve, exhibit minimum points at a nonzero

wave number. These minimum points, marked with asterisks

in Fig. 3, represent modes at which the group velocity van-

ishes Vg¼ df/dk¼ 0; i.e., they are ZGV modes. For this rea-

son, they are referred to as M4-ZGV and S1-ZGV (Fig. 3).

The frequencies f of the M4-ZGV mode for case 1 and

case 2 are 2192 and 1694 Hz, respectively. Comparing with

the frequency f¼ 2051 Hz for the S1-ZGV Lamb mode for

the isotropic reference case, two observations are made.

First, the shift in frequency is not linearly proportional to the

change in the cross-sectional mean value of the acoustic

bulk wave velocities (þ�10%). Second, the frequency f
increases by 7% and decreases by 17% for case 1 and case 2,

respectively, which indicates that the magnitude of the rela-

tive shift differs between the cases.

Regarding the first observation, this result is different

for an isotropic plate where a relative shift in the acoustic

bulk wave velocities is reflected as the same relative shift in

frequency under the condition of a constant Poisson’s ratio.

Because of this, the explanation and description of the S1-

ZGV Lamb mode frequency for isotropic plates is occasion-

ally simplified to the empirical equation

FIG. 2. (Color online) Wave number frequency solution for (a) case 1 and

(b) case 2. Dotted lines show the isotropic reference case.

FIG. 3. (Color online) Expanded view of wave number frequency solution

for the M4 mode (both case 1 and case 2) and S1 Lamb mode (isotropic ref-

erence case, dotted line). ZGV points marked with asterisks.
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f ¼ bVL

2h
; (1)

where b is a correctional factor only dependent on the

Poisson’s ratio25 and VL/(2h) represents the frequency of a

cutoff mode created by a reverberating longitudinal wave. In

more detail, Eq. (1) may be ascribed to the simplified and

empirical interpretation24 of the S1-ZGV Lamb mode as a

reverberating longitudinal wave with a frequency shifted by

the factor b. Although Eq. (1) produces the correct value of

the S1-ZGV Lamb mode frequency, note that this interpreta-

tion is rather deceptive since Lamb waves, except at the

mode cutoff, by definition are always created from the inter-

ference of both longitudinal and transversal waves. This

explains the need for the correctional b factor, which in any

event requires that the original Lamb wave problem is

solved. Moreover, for plates with a Poisson’s ratio � > 1/3,

the cutoff S1 Lamb mode is created by a transversal wave as

opposed to a longitudinal wave. In view of that, the meaning

of Eq. (1) becomes somewhat ambiguous.

Regarding the second observation, a simplified and par-

tial explanation for the difference in the relative shift of fre-

quency (7% vs 17%) may be determined from the time of

flight required for a high-frequency pulse with finite duration

in time and space to travel between the top and bottom plate

surface.24 By comparing this time of flight for cases 1 and 2

with the corresponding value for the isotropic reference

case, it can be shown that case 1 exhibits less relative change

than case 2. Although this agrees with the result of the rela-

tive shift of the M4-ZGV frequency, note that this simplified

analysis does not provide a consistent quantitative estimate

of the frequency shift of the M4-ZGV mode compared with

the S1-ZGV Lamb mode.

Certainly, due to the inhomogeneous variation of the

acoustic bulk wave velocities in cases 1 and 2, no simple

empirical expression like Eq. (1) exists; for both case 1 and

case 2, there is a complex relation between mode frequency

and acoustic material velocity. Indirect consequences of this

additional complexity compared to the isotropic reference

case may appear in nondestructive evaluations of the plate

properties. For instance, if an isotropic Lamb wave model is

assumed under the actual condition of case 1 or 2, then the

estimated acoustic material velocity or plate thickness39

from the M4-ZGV mode will be difficult to interpret since it

cannot be directly translated to a representative mean value

or other similar established quantitative measure. A similar

argument holds for the shift in wave number or wavelength

for the M4-ZGV mode.

Figure 4 shows the displacement mode shapes of the

M4-ZGV mode (asterisks in Fig. 3) for case 1 and case 2

as a function of the plate thickness coordinate z. The profiles

of the vertical and horizontal displacements are shown in

Figs. 4(a) and 4(b), respectively. The corresponding dis-

placement profiles of the S1-ZGV Lamb mode for the isotro-

pic reference case are also shown for comparison (black

dots). The amplitude of the profiles is normalized to produce

the same maximum magnitude for all profiles. For both

case 1 and case 2, Fig. 4 shows slightly distorted mode

shapes—in contrast to the isotropic reference case—as there

is no strict symmetry around the midplane of the plate. The

location of the neutral planes, in this case interpreted as the

coordinate in the cross section with zero displacement mag-

nitude, is also different for the two cases. For cases 1 and 2,

the neutral planes are shifted toward the top surface (z¼ h/2)

and bottom surface (z¼�h/2) of the plate, respectively.

Nonetheless, it can be concluded that the overall characteris-

tic is roughly the same for the M4-ZGV mode as for the S1-

ZGV Lamb mode, and loosely speaking, the M4-ZGV mode

shape for both cases may be approximately symmetric. To

summarize, for both cases, the M4-ZGV mode and the S1-

ZGV Lamb mode both have a mode shape that persists

throughout the entire plate thickness. This means that the

mode may represent the entire thickness, in contrast to

Rayleigh type of waves that only reflect the localized proper-

ties of the surface. In addition, the stationary nature of ZGV

modes imply that estimations are locally representative in

the lateral plane of the plate, since they are not influenced by

any lateral propagation path.

Although the general pattern of the dispersion curves for

case 1 and 2 and the isotropic reference case have apparent

similarities, the behavior of an isotropic plate cannot always

be extrapolated to cases such as case 1 and 2. For instance,

by studying the M4 mode shape for increasing wave number

k in a region close to the M4-ZGV point, it can be observed

FIG. 4. (Color online) Displacement mode shape of the M4-ZGV mode for

case 1 and case 2 (a) in the vertical direction and (b) in the horizontal direc-

tion. Dotted lines show S1-ZGV from the isotropic reference case.
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that the M4 mode shape characteristic for both cases 1 and 2

changes from approximately symmetric to approximately

antisymmetric close to the M4-ZGV mode frequency. The

opposite holds for the M3 mode, which evolves from

approximately antisymmetric to approximately symmetric

for both cases 1 and 2. In other words, an interchange in

characteristic mode shape between the M3 and M4 modes

occurs in a region close to the M4-ZGV point. This type of

interchange in mode behavior, sometimes referred to as

mode kissing, is for both cases caused by the lack of symme-

try around the midplane of the plate due to inhomogeneous

material variation.

Traditionally, the group velocity of a wave mode is

defined as the slope of the dispersion curve, i.e., Vg¼ df/dk.

However, obtaining a stable continuous differentiation of the

dispersion curves with respect to wave number may occa-

sionally become difficult due to the discrete nature of the

numerical solution. An alternative approach, adopted in this

study, is to calculate the so-called energy velocity of the

wave mode, since these two quantities are coincident for

plates without material attenuation.52 Using this approach,

the group velocity (energy velocity) is determined from

Ve¼P/Etot, where P is the one-period time and cross-sec-

tion-averaged Poynting vector component in the propagation

direction of the mode, and Etot is the one-period time and

cross-section-averaged total (kinetic and potential) energy of

the wave mode.46 Figures 5(a) and 5(b) show the group

velocity (energy velocity) of the M1–M4 modes for case 1

and case 2, respectively. The group velocity (energy veloc-

ity) of the four lowest Lamb modes for the isotropic referen-

ces case is also shown for comparison. For both case 1 and

case 2, the M4-ZGV mode materializes in a similar manner

as for the isotropic case. The shift in frequency for the M4-

ZGV mode, in terms of a horizontal translation of the M4

curve compared to the isotropic reference case, is also

clearly visible for both cases.

The excitability of the four lowest M1–M4 modes

for case 1 and case 2 is displayed in Figs. 6(a) and 6(b),

respectively. The excitability of the four lowest Lamb modes

for the isotropic reference case is shown for reference. Similar

to that in Fig. 5, a general shift in frequency, revealed as a hor-

izontal translation of the M4 excitability curve, can be

observed in Fig. 6 for both cases. Here, note that the excitabil-

ity is interpreted as the displacement magnitude at the top sur-

face of the plate in the surface normal direction, caused by a

unit point load applied at the same point and direction.

More specifically, excitability is calculated according to

E ¼ ixjUj2=ð4PÞ, where x is the angular frequency, U is the

surface normal displacement at the top surface of the plate,

and P is the one-period time and cross-section-averaged

Poynting vector component in the propagation direction of the

mode.53 Figure 6 shows that the M4 curves for both case 1 and

case 2 exhibit high values of excitability around the M4-ZGV

mode frequency. Accordingly, these results suggest that high

displacement amplitudes, in the form of a local resonance of

the plate, are to be expected at the top plate surface even in

these two cases subjected to continuous inhomogeneous mate-

rial variations. For this reason, the robustness and detectability

of the M4-ZGV mode frequency in a nondestructive applica-

tion is studied using a simulation, as discussed in Sec. IV.

IV. SIMULATION OF MEASUREMENT APPLICATION

A. Description of application

Similar to the S1-ZGV Lamb mode for the isotropic ref-

erence case, results from the SAFE analysis in Sec. III sug-

gest that high displacement amplitudes at the top plate

surface are expected at the M4-ZGV mode frequency for

case 1 and case 2. This predicted behavior is simulated in an

application corresponding to a nondestructive measurement

and evaluation technique; furthermore, simulation results

can be used to verify the results from the SAFE analysis.

Considering the original motive for case 1 and case 2, the

application is selected to represent a measurement of plate-

like concrete structures.26,39 In this type of measurement, an

accelerometer is attached to the top plate surface. Then,

the vibration response from hammer impacts, performed at

an increasing offset distance from the accelerometer, is

recorded. Since the hammer also works as a triggering

device, reciprocity is used to create a multi-signal recording

of a full wave field response from a single-point source exci-

tation. In fact, such a multi-signal recording representing a

FIG. 5. (Color online) Group velocity for (a) case 1 and (b) case 2. Dotted

lines show isotropic reference case.
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very general type of data set can be found in a number of

applications.

B. Model and analysis

A two dimensional (2D) conventional FE model cre-

ated in a commercial code47 is used to study cases 1 and 2

and the isotropic reference case. The cases are modeled as a

10 m long plate with an axial symmetry condition that ena-

bles a point source excitation from a hammer impact. At

the farther end of the plate, away from the axial symmetry

axis and point source excitation, an absorbing region

is added to reduce reflections from the plate end bound-

ary.54 This allows a finite approximation of the infinite

lateral (radial) dimension according to the case definition to

be obtained. In addition to the absorbing region and

the geometrical damping caused by the axial symmetry

condition, material damping is also introduced by a loss

factor g¼ 0.02. The point source excitation is applied as

a Gaussian mono-pulse with a center frequency correspond-

ing to the S1-ZGV Lamb mode frequency; a broadband

excitation, similar to that from a hammer impact, is

obtained. Then, synthetic data sets represented by the time-

domain acceleration response of the top plate surface are

determined from the inverse Fourier transform of the model

response in frequency domain.55

The acceleration response as function of time at different

radial offset distances to the hammer impact for cases 1 and 2

are shown in Figs. 7(a) and 7(c), respectively. These figures

show an expanded view of the data sets within a time range

0–5 ms and a radial offset distance range 0–2 m for cases 1

and 2, respectively. Here, the radial coordinate r¼ 0 m corre-

sponds to the impact location. To estimate the wave number-

FIG. 6. (Color online) Excitability for (a) case 1 and (b) case 2. Dotted lines

show isotropic reference case.

FIG. 7. (Color online) Data sets for (a)

case 1 and (c) case 2. Estimation of

wave number-frequency content for

(b) case 1 and (d) case 2 and superim-

posed dispersion curves (solid lines)

from SAFE analysis.
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frequency content of the simulated response, a 2D discrete

Fourier transform (DFT)56 is performed with results for cases

1 and 2 displayed in Figs. 7(b) and 7(d), respectively. Here, it

should be noted that the full range of the data sets is used to

construct the DFT image; the full data set covers the time

range 0–40 ms and radial range 0–10 m. In addition to the

wave number-frequency estimation, the dispersion curves

from the SAFE analysis in Sec. III are superimposed and

shown in Figs. 7(b) and 7(d). For both cases, good agreement

between the dispersion curves and the data set is observed;

this result further verifies the correctness of the dispersion

curves from the SAFE analysis. By comparing case 1 in Fig.

7(b) with case 2 in Fig. 7(d), a differentiation of surface wave

mode at high frequency is observed: the surface wave is

related to the M1 mode for case 1 and to the M3 mode for

case 2. This result, due to the regions near the top and bottom

surfaces being exposed to different mechanical properties,

can also be observed by studying the mode excitability in

Fig. 6. Naturally, in investigations of an unknown system,

such behavior may—if not considered—lead to uncertainty

and error in data evaluation.

To facilitate identification of the M4-ZGV mode fre-

quency, the response signals within a radial distance of 1 m

from the point source are summed.29 As a result, the influ-

ence from the propagating modes is reduced, which is useful

for improved detection of the ZGV frequency in practical

testing. Note that other summation regions (radial distances)

can be used as well; the radial distance may, for instance, be

adjusted depending on plate thickness or anticipated ZGV

wave length. A discrete Fourier transform of the summed

signal is calculated and shown with absolute values in Fig. 8.

For reference, the ZGV frequencies from the SAFE analysis

are marked with vertical lines. Good agreement can be

observed for all cases.

As predicted from the SAFE analysis, the M4-ZGV

mode materializes as a resonance with high amplitude and

distinct frequency, similar to the S1-ZGV Lamb mode.

However, the acceleration amplitudes of the peaks differ

slightly between the cases. This is related to at least two dif-

ferent effects. First, for a constant absolute displacement

amplitude jCj in frequency domain, the corresponding abso-

lute acceleration amplitude is given by a quadratic parabola

jCjf 2, see Fig. 8. This effect, which occurs because accelera-

tion is given by a second temporal derivative of displacement,

causes increased acceleration amplitudes at high frequencies

and decreased amplitudes at low frequencies for a constant

displacement amplitude in frequency domain. Second, the

amplitude of the M4-ZGV mode shape is different between

the top and bottom surfaces (Fig. 4). For case 1, the M4-ZGV

mode has a vertical displacement amplitude at the top surface

that is higher than that at the bottom surface, whereas the

opposite holds for case 2. Nevertheless, it is concluded that

the frequency of the peaks corresponding to the M4-ZGV

mode is detected with the same robustness and accuracy as

for the S1-ZGV Lamb mode in the studied nondestructive

application. That is, a practical nondestructive evaluation

using ZGV modes can be used even for cases 1 and 2. It is

reasonable to assume that this result can be further extended

and generalized to other inhomogeneous plates that are within

the boundary limits or similar to cases 1 and 2. However, due

to the increased complexity of the relation between mode fre-

quency and material properties in inhomogeneous cases, the

evaluation and interpretation of the observed frequency may

be difficult. This emphasizes the need for a secondary and

independent investigation to assess any potential influence

from varying material properties.

V. CONCLUSION

Results from the SAFE analysis show that the M4 mode

for both cases 1 and 2 exhibit a ZGV mode (M4-ZGV) that

is similar to the S1 Lamb mode (S1-ZGV) for the isotropic

reference case. Some differences in mode shape between

M4-ZGV and S1-ZGV are observed, although it can be con-

cluded that the overall characteristic of the M4-ZGV mode

shape is common and similar to the S1-ZGV mode shape.

No strict symmetric or antisymmetric modes exist for case 1

and case 2; however, one may loosely describe the M4-ZGV

mode as approximately symmetric.

The SAFE analysis shows high mode excitability associ-

ated with the M4-ZGV mode. This is further verified in the

simulation of a measurement application, as the M4-ZGV

mode frequency is detected with the same accuracy and

robustness as the S1-ZGV Lamb mode frequency. However,

since a complex relation between mode frequency and mate-

rial properties exists, the mode frequency cannot easily be

translated to a representative mean value or other similarly

established quantitative measure; thus, uncertainties or errors

may arise in practical measurement applications.

A challenge with inhomogeneous material variation

cases is the presence of a more complex wave field system.

For cases 1 and 2, this can be observed, for instance, by the

interchange of mode behavior, i.e., the so-called mode-kiss-

ing, as well as by the difference in the propagating surface

wave mode at high frequency. For these cases, it is evident

FIG. 8. (Color online) Discrete Fourier transform of summed acceleration

response signals within 1 m distance from the impact source for case 1, case

2, and the isotropic reference case. Observed peaks correspond to the M4-

ZGV mode (left and right peaks) and the S1-ZGV mode (middle peak).

Vertical lines mark the ZGV frequencies from SAFE analysis. Parabola

shows acceleration amplitude values corresponding to a constant absolute

displacement amplitude jCj at different frequencies.
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that an assumption of homogeneous isotropy material (Lamb

waves) is not feasible and cannot be considered as a robust

mean value operator; an estimation using a Lamb wave

model will not provide representative cross-sectional mean

values for the plate in cases 1 and 2. Although this reasoning

derives from a study of two synthetic cases, depending on

the magnitude of the potential material variation, the same

reasoning will hold for other inhomogeneous structures and

applications as well.

To enable reliable evaluation procedures in practical

nondestructive applications, results from this study highlight

the general need for knowledge and understanding of the

investigated system as well for assessment of the potential

influence from varying material properties. The results also

provide increased knowledge of ZGV modes and pave the

way toward further improvements of nondestructive applica-

tions of plates, such as thick plate-like concrete structures in

which material variations may occur.
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